
Thermodynamics of the fermion gas

a. The grand canonical partition function is

Ξ =
∏
r

(1 + e−β(εr−µ))

ln Ξ =
∑
r

ln(1 + e−β(εr−µ)) =
∫ ∞

0

dE G(E) ln(1 + e−β(E−µ)),

but

Π = −pV = −kBT ln Ξ so p(T, µ)V = kBT

∫ ∞
0

G(E) ln(1 + e−βEeβµ) dE .

b. For spin- 1
2 particles, G(E) = V

[
2m3

π4h̄6

]1/2√
E . Thus

p(T, µ) = kBT

[
2m3

π4h̄6

]1/2 ∫ ∞
0

√
E ln(1 + e−βEeβµ) dE [[. . . use the substitution x = βE . . . ]]

= (kBT )5/2
[

2m3

π4h̄6

]1/2 ∫ ∞
0

√
x ln(1 + e−xeβµ) dx.

c. To evaluate∫ ∞
0

√
x ln(1 + e−xeβµ) dx

integrate by parts using

du =
√
x dx v = ln(1 + e−xeβµ)

u = 2
3x

3/2 dv =
dx

1 + e−xeβµ
(−e−xeβµ) = − dx

exe−βµ + 1

and find∫ ∞
0

√
x ln(1 + e−xeβµ) dx =

[
2
3x

3/2 ln(1 + e−xeβµ)
]∞
0

+ 2
3

∫ ∞
0

x3/2

exe−βµ + 1
dx.

As x→∞, x3/2 ln(1 + e−xeβµ)→ x3/2e−xeβµ → 0, so the term in square brackets vanishes and we have

p(T, µ) = 2
3 (kBT )5/2

[
2m3

π4h̄6

]1/2 ∫ ∞
0

x3/2

exe−βµ + 1
dx.

d.

E(T, V, µ) =
∫ ∞

0

G(E)f(E)E dE

= V

[
2m3

π4h̄6

]1/2 ∫ ∞
0

√
E 1
eβ(E−µ) + 1

E dE

= V (kBT )5/2
[

2m3

π4h̄6

]1/2 ∫ ∞
0

x3/2

exe−βµ + 1
dx


