Visualizing Poynting vector energy flow in electric circuits
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Abstract
According to standard Poynting vector arguments, energy in a circuit flows from the batteries to
the resistors, not through the connecting wires, but through empty space between the wires. The
computer simulation CircuitSurveyor helps to visualize this counterintuitive fact. The simulation

also demonstrates the electric fields present near a circuit. (©) 2012 American Association of Physics

Teachers.



I. THE PURPOSE

When a battery is connected to a resistor by wires to form a circuit, current flows through
the wires. In addition, electromagnetic energy flows from the battery to the resistor (the
battery discharges and the resistor warms up). It is natural to surmise that the energy, like
the charge, flows through the wires.

According to Poynting vector theory® this surmise, although perfectly natural, is incor-

rect. Electromagnetic energy is located throughout space with energy density

1 1
u(r,t) = = <€0E2<I',t) + B2(r,t)> , (1)
2 Ho
and flows with power per cross-sectional area equal to the Poynting vector
1
S(r,t) = —E x B. (2)
Ho

Ideal wires have zero resistivity p and hence, by Ohm’s law E = pJ, zero electric field as

well. Instead of transporting power, the power flow within any ideal wire is exactly zero!
Many students find these results difficult to accept. If wires do not transmit power, then

why do power companies go to enormous expense to put up transmission wires? Arguments

effective in making these points include:

e The drift velocity of charge carriers is constant throughout a single-loop circuit of
constant wire diameter, so the energy cannot be carried in the kinetic energy of the

charge carriers.

e The potential energy cannot be successfully assigned to individual charge carriers, but

either (1) to pairs of charges or, better, (2) to fields.?

e Energy cannot be transported by the charge carriers because in alternating current

circuits, there is no net charge transport, but there certainly s net energy transport.

e If energy is conserved in all reference frames, it cannot just disappear at the battery
and reappear simultaneously at the resistor, because (according to special relativity)
the disappearance and reappearance would be simultaneous in one reference frame, but
in other frames the disappearance would happen first and the reappearance happen
after a time lag, and in yet other frames the reappearance would happen before the

disappearance had yet occurred!



e [t is clear that electromagnetic energy can flow from the Sun to the Earth without

passing through wires. Why not also from the battery to the resistor?

e In a transformer (or any mutual inductor), energy flows from primary to secondary

coils without passing through wire.

e The Feynman disk paradox® demonstrates that even static electromagnetic fields must
(in some circumstances) possess momentum. If fields have momentum, it is a small

jump to think that they have energy as well.

All of these strategies are good, but all of them appeal to the intellect and not to any
intuitive “gut-feeling” for the physics. The wires are clear and visual and appealing. Is there
any way to make the energy flow through space visual and appealing?

There is. Inspired by the work of Majcen, Haaland, and Dudley,* we have developed
a computer simulation to trace Poynting vector energy flows in circuits. The program,
CircuitSurveyor®, takes a two-dimensional circuit as input, and then finds the associated

electric, magnetic, and Poynting fields.
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Figure 1: Poynting flow lines for a circuit with one 1.0V battery and two 0.5 (2
resistors in series. The energy flows through space from the battery and arrives
in equal amounts at each of the two resistors (15 flow lines each). (This is the

circuit investigated in Ref. 4.)

Although the primary role of CircuitSurveyor is to trace the Poynting energy flow using
flow lines (similar to flow lines in moving water, or to electric field lines in electrostatics), it
also finds the electric field. Hence it can be used to demonstrate field aspects of circuits, in

contrast to the predominant emphasis on potentials.® 12

II. THE MODEL AND THE ALGORITHM

CircuitSurveyor simulates two-dimensional circuits, such as those shown in Figs. 1 and
2. By this we do not mean a circuit lying flat on a lab bench in a three-dimensional world.

Instead we mean that the circuit is a perpendicular slice through a stack of identical circuits



extending infinitely into and out of the computer display. Only by using this model is the

analysis tractable and the visualization (on a two-dimensional display) effective.
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Figure 2: Poynting flow lines for a circuit with one 30.0V battery and three
parallel resistors of resistance (from left to right) of 60.0€2, 30.0€2, and 20.0 €.
Power dissipation in these three resistors is 15.0 W, 30.0 W, and 45.0 W, respec-
tively. And, sure enought, of the 30 Poynting flow lines leaving the battery, 5
terminate at the first resistor, 10 at the second, and 15 at the third. In addition,
each resistor is 10.0 cm long and supports a potential drop of 30.0 V, whence we
expect an electric field of about 300 N/C near each resistor. Sure enough, the

computed electric field at the point shown is 266 N/C.

To find the Poynting vector one must start by finding the electric and magnetic fields at
all points. The program first finds the current in each leg of wire, and the potential drop

across each resistor, using standard Kirchhoff methods. Once this is done we know, for every



rectilinear polygon within the circuit (such as the rectangular areas in Figs. 1 and 2), the
electrostatic potential at the edge of that polygon. From this edge information we use a
relaxation method!? to find the potential within the polygon, and from the potential the
electric field.

Finding the magnetic field is even simpler. In this model each rectilinear polygon of wire
on the display represents a slice through an infinitely long solenoid of constant cross-sectional
size and shape, and the magnetic field inside such a solenoid is perpendicular to the plane of
the display with magnitude poi/d (where pg represents the vacuum magnetic permeability,
i the current, and d the diameter of an individual wire). The magnetic field outside such a
solenoid is zero, so there is no power flow in the space outside the circuit.

Because the magnetic field is perpendicular to the plane, the Poynting vector lies within
the plane and perpendicular to the electric field. Thus the Poynting vector points along
equipotentials, or in other words the Poynting flow lines are equipotentials.

The two-dimensional model is necessary for both fast computation and effective visual-
ization. However, it does introduce an artifice. In a three-dimensional circuit a resistor has
an infinite number of sides and power flows in through all of them.! In contrast, in this
two-dimensional model, a resistor has only two sides and power flows in only from the inside

of the circuit.

III. THE SIMULATION

The simulation Circuit Surveyor provides ten built-in circuits, or users may design
their own custom circuits (instructions are provided). Moving the mouse pointer into the
circuit will draw a triplet of arrows showing the electric field, the magnetic field, and the
Poynting vector at that point — the numerical values of these vectors are also output (see
Fig. 2). A mouse click at any point within the circuit fixes the drawn arrows. Multiple clicks
thus enable the user to sketch out and obtain a qualitative feel for the electric, magnetic,
and Poynting fields.

The quantitative results produced are for wire of thickness 1 mm. In Fig. 1, the circuit is
100 cm by 100 cm, and the battery and two resistors are each 3 cm long. In Fig. 2 the circuit

is 100 cm by 150 cm, and each element is 10 cm long.
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