The hydrogen molecule ion

Evaluation of integrals

This problem is straightforward and not too hard if you:

1. Use atomic units.
2. Use the substitution pu = cos 6.

3. Remember that V2 = |z|, not V22 = z.

Start with the direct integral
1

o ng(f’a)>

" and 75 =/r2 + R? — 2r,Rcosf.

D = <ng(m)

where

Thus

27 L oo
1 1
D = / dd)/ sin@d@/ 72 dro, —e”
0 0 0 T V72 + R2 —2r,Rcos 0

o2 [ + 1
- 7 r2 dr / dpe=?"
0

0 _1 V2 + R2—2rRu

+1

Now, what is

1
1 ﬁ? [Where a = r?2 + R?, b= 2rR.]
It is

+1 +1
/_1 du%bu _ [_im} 1:_§[m—m}:§[m—m

[\/r2+R2+2rR \/r2+R2—2rR]

V(r+R)?2—/(r— R)Q} [Dangerous curve ahead!]
[(r+ R)—|r— R

(r+R)— R—r) forr <R
(r+R)—(r—R) forr >R

B { forr <R
mi

< A A
R s P

forr > R

\M :u\

in{r, R}.

=

r



Thus

4 [ 1
D = E/0 rzdr;min{r,R}e_m
4 > : —2r
= = dr r min{r, R}e
R Jo

4 (B 4 [
= E/o drr2€*2T+E/R drrRe™ %"

4 R )
E/ drr?e™®" + 4/ drre " [use Dwight 567.2 and 567.1...]
0 R
R o
e[ (55 5], ol (5 0)
= e\ —=-—+— +4le | — -+
—2 1 =8)], —2 1),
R* R 1 1 R 1
)N L W _2r(f 1
) Gl ()
(1+;)623.

i=vl L] Rl

In conventional units,

Onward and upward:

X = (o) | m))  with () = e
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The angular integral is
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Use the substitution
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While the first is
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In conventional units,
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I have plotted the integrals I(R), D(R), and X (R) as functions of R using an excel spreadsheet. But I
haven’t been able to insert the plot into this document because excel (like most Micro$oft products) seems

to be brain dead. You may download the spreadsheet as HydrogenMoleculeIon.xls.

Thinking about integrals

The nuclear potential energy is easy: it’s
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The electronic potential and kinetic energies are a bit harder. We will use atomic units throughout. The

trial wavefunction is
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The expected kinetic energy is
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The value of (o|KE|a) comes from direct calculation, or from the virial theorem ((KE) = —3(PE) for

the hydrogen atom), or from looking it up in a book. The answer is (I?E) = +% (in conventional units,
(KE) = +Ry).
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The value of <a|F/’E |a) comes from direct calculation, or from the virial theorem, or from looking it up in a
book. The answer is (PFE) = —1 (in conventional units, (PE) = —2Ry).



Recalling that C3 = 1/[2(1 + I(R))] gives
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(PE) = -

The values of these energies are calculated and plotted in the excel spreadsheet
HydrogenMoleculeIon.xls.

The plot shows energies in atomic units. .. remember that an energy of % in atomic units corresponds to one
Ry.



