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The End Sum of Surfaces

Liam Axon and Jack Calcut

ABSTRACT. End sum is a natural operation for combining two noncompact
manifolds and has been used to construct various manifolds with interesting
properties. The uniqueness of end sum has been well-studied in dimensions
three and higher. We study end sum—and the more general notion of adding
a l-handle at infinity—for surfaces and prove uniqueness results. The result
of adding a 1-handle at infinity to distinct ends of a surface with compact
boundary is uniquely determined by the chosen ends and the orientability
of the 1-handle. As a corollary, the end sum of two surfaces with compact
boundary is uniquely determined by the chosen ends. Unlike uniqueness results
in higher dimensions, which rely on isotopy uniqueness of rays, our results rely
fundamentally on a classification of noncompact surfaces.

1. Introduction

End sum is the analogue for open manifolds of the boundary sum of manifolds
with boundary. It was introduced by Gompf [Gom83|/Gom85] in the 1980’s to
construct smooth manifolds homeomorphic to R*. Gompf [Gom83| p. 322] col-
loquially described end sum as gluing together two noncompact manifolds using a
piece of tape. More formally, the piece of tape is a 1-handle at infinity. Since that
time, several authors have used end sum to construct manifolds with interesting
properties. Recently, Bennett [Ben16] used end sum to produce new smooth struc-
tures on open 4-manifolds and Sparks [Spal8| used it to construct 4-dimensional
splitters. For further examples, see the second author and Gompf [CG19] and the
second author, Haggerty, and Guilbault [CGH20].

A 1-handle at infinity is attached to a manifold M along a chosen pair of
disjoint, properly embedded rays pointing to ends of M. End sum is the special case
where M has two components and the 1-handle connects them. The dependence on
ray choice of adding a 1-handle at infinity has been well-studied. Gompf [Gom85]
first showed that end sums of manifolds homeomorphic to R* are independent of
ray choice. Myers [Mye99] showed that end summing two copies of R3 using
knotted rays yields uncountably many homeomorphism types of contractible, open
3-manifolds. The second author and Haggerty [CH14| constructed examples of
pairs of connected, open, oriented, one-ended n-manifolds for each n > 3 that
may be end summed using various rays to produce manifolds that are not proper
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homotopy equivalent. The latter examples arise from complicated fundamental
group behavior at even just one of the ends. In dimension n = 1, adding a 1-handle
along specified ends is always unique.

For manifolds of any dimension, the Mittag-Leffler condition (also called semista-
bility) on an end is a necessary and sufficient condition for any two proper rays
pointing to that end to be properly homotopic. In dimensions four and higher,
such a proper homotopy may be upgraded to an ambient isotopy. That yields
uniqueness results for end sums and adding 1-handles at infinity as proved by the
second author and Gompf [CG19].

THEOREM 1.1 (Calcut and Gompf). Let X be a (possibly disconnected) n-
manifold, n > 4. Then the result of attaching a (possibly infinite) collection of
1-handles at infinity to some oriented Mittag-Leffler ends of X depends only on the
pairs of ends to which each 1-handle is attached, and whether the corresponding
orientations agree.

An immediate corollary is the uniqueness of oriented end sums of two n-
manifolds with n > 4 along oriented Mittag-Lefller ends.

In the present paper, we study end sum for surfaces. Note from the outset
that for each end of a surface with compact boundary, the Mittag-Leffler condition
is actually equivalent to the end being collared. An end of a manifold is collared
provided it has a neighborhood of the form Z x [0, o) for some connected, compact
manifold Z. The authors plan to address the classification of Mittag-Lefller ends
of general surfaces in a future paper. Observe now that a Mittag-Leffler end of a
surface with noncompact boundary components need not be collared as shown by
the end 7 in Figure [LIl Properly embedded rays in R, S x [0,00), and closed

FIGURE 1.1. Surface M obtained from the closed disk by removing
a sequence of boundary points and the single limit point of that
sequence.

half space Ri may be straightened by ambient isotopy [CKS12l pp. 1845-1852].
So, up to isotopy, there are unique proper rays in Mittag-Leffler (=collared) ends
of surfaces with compact boundary. In general, ends of noncompact surfaces may
have infinite genus, complicated fundamental group behavior, and fail to be Mittag-
Leffler. Thus, one might suspect that end sums of surfaces depend on the choices
of rays within specified ends. In fact, the contrary is true. The following is our
main result.

THEOREM 1.2. Let M be a (possibly disconnected) surface with compact bound-
ary. Then the result of attaching a 1-handle at infinity to distinct ends of M depends
only on the ends to which the 1-handle is attached and orientations. If the cho-
sen ends lie in different components of M or they lie in the same non-orientable
component of M, then orientation is irrelevant.
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A more precise statement is given in Theorem [5.1] below. An immediate corol-
lary is uniqueness of end sums of two connected surfaces with compact boundary
along chosen ends (irrespective of orientations).

Contrasting Theorems [[LT] and [[2] we see that for surfaces the relevant ends
need not be Mittag-Leffler and there is greater flexibility with orientations. On the
other hand, our arguments for surfaces assume: (i) M has compact boundary, (ii)
a single 1-handle is attached to M, and (iii) the relevant ends of M are distinct.
Throughout, we opt to work with a single 1-handle for simplicity. Applying our
results iteratively yields results for attaching finitely many 1-handles, and our re-
sults likely carry over to appropriate settings involving infinitely many 1-handles.
Before we discuss assumptions (i) and (iii), we introduce some useful terminology.

Consider the general case of attaching a single 1-handle at infinity to an n-
manifold M. Let r and r’ denote the rays in M along which the 1-handle is attached,
let ¢ and ¢’ denote the ends of M to which r and ' point (respectively), and let
N = M U (1-handle) denote the resulting n-manifold. In this unrestricted setting,
we allow M to be disconnected, OM to be compact (possibly empty) or noncompact
(possibly with noncompact boundary components), € and &’ to be equal or distinct,
and the 1-handle attachment to respect or ignore any possible given orientations.
An end n of N is ordinary provided it has a neighborhood disjoint from the 1-
handle. Otherwise, 7 is extraordinary. Intuitively, the extraordinary end(s) of N
are those involved in the attachment of the 1-handle. For a space X, let & (X)
denote the space of ends of X, and let |€ (X)| denote the number of ends of X.
The possible number of extraordinary ends of N varies with the dimension n. If
n = 1, then there are no extraordinary ends—attaching a 1-handle at infinity to a
1-manifold simply eliminates two ends of M and | (N)| = |E(M)| — 2. If n > 3,
then there is one extraordinary end, and |€ (N)| = |€(M)| — 1 (when € # &) or
|E (N)| = |E (M)| (when e = €’). For surfaces, the situation is more complicated—
ultimately due to the fact that a surface may be separated by a 1-dimensional
submanifold. There may be one or two extraordinary ends, and |€ (N)| may equal
|E(M)| -1, |E (M)], or |€ (M)|+ 1. Predicting which occur is subtle, especially in
the presence of noncompact boundary components. The following examples exhibit
that subtlety and others. Basic examples are included for context and comparison.
In each example, n =2 and N = M U (1-handle).

(1) Let M = R2UR? be the disjoint union of two copies of R? as in Figure [[.2]
Regardless of the orientability of the 1-handle, N is homeomorphic to R?

FIGURE 1.2. Surface M = R? UR? (left) and end sum N of M (right).

and has one end (extraordinary). Here, |E (N)| = |E (M)| — 1.

(2) Let M = R? as in Figure 3 Let N be the result using an oriented 1-
handle, and let N’ be the result using a non-oriented 1-handle. Then, N
is an open cylinder with two ends (both extraordinary), and N’ is an open
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................

FIGURE 1.3. Surface M = R? (left), result N of attaching an ori-
ented 1-handle (middle), and result N’ of attaching a non-oriented
1-handle (right).

Mébius band with one end (extraordinary). Here, | (N)| = |€ (M) +1
and |€ (N')] = [€ (M)].
(3) Let M be an open annulus as in Figure [[4l Attach a 1-handle to the

FIGURE 1.4. Open annulus M (left), result N of attaching an ori-

ented 1-handle (middle), and result N’ of attaching a non-oriented
1-handle (right).

distinct ends of M. Let N be the result using an oriented 1-handle, and
let N’ be the result using a non-oriented 1-handle. Then, N is a punctured
torus with one end (extraordinary), and N’ is a punctured Klein bottle
with one end (extraordinary). Here, |€ (N)| = |E(M)| —1=|E(N")].

(4) Let M = Ri U Ri be the disjoint union of two copies of closed half-space
as in Figure Regardless of the orientability of the 1-handle, N is

-~ M ,-- ~. N -
A4 ~ _
ro v, 1 T-
1\
7 N\ - =
s S e \\

FIGURE 1.5. Surface M = Ri U Ri and end sum N of M.

homeomorphic to [0, 1] x R and has two ends (both extraordinary). Here,
|€(N)| = |€(M)] in both cases. In a sense, the noncompact boundary
components of M clog up the ends of V.

(5) Let M be the open, oriented, one-ended surface with infinite genus as in
Figure[[.6l Phillips and Sullivan [PS81] referred to M as the Infinite Loch
Ness monster; see also Aramayona and Vlamis [AV20l p. 463]. Attach
an oriented 1-handle at infinity to M. Let N be the result using the non-
parallel rays r and s, and let N’ be the result using the parallel rays ¢
and u. Then N has one end (infinite genus and extraordinary), and N’
has two ends (one of genus zero, the other of infinite genus, and both
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FIGURE 1.6. One-ended, infinite genus surface M containing two
non-parallel rays r and s (left) and two parallel rays ¢t and u (right).

extraordinary). Here, |€ (N)| = |€ (M)] and |€ (N')] = |€ (M)|+1. Thus,
the hypothesis in Theorem that the 1-handle is attached to distinct
ends may not be omitted. In fact, the distinct end hypothesis is required
even when M has finite genus. For a planar example, let M be R? with
the integer points on the x-axis removed. So, M has infinitely many ends,
exactly one of which is not isolated. Let r and s be non-parallel rays in the
positive and negative y-axes respectively. Let ¢ and u be parallel rays in
the upper half-plane. Attach an oriented 1-handle at infinity to M. Let N
be the result using the non-parallel rays r and s, and let N’ be the result
using the parallel rays ¢ and u. Then N and N’ are not homeomorphic
since N’ has one nonisolated end whereas N has two.

(6) Let X be the 2-disk D? with three points removed from its boundary.
So, X has three noncompact boundary components and three ends. Each
end of X has genus zero and an open neighborhood homeomorphic to
[0,1] x R. Let Y be obtained from X by connect summing a sequence
of tori converging to one end. The surface Y is depicted on the left
in Figure [T where the zeros indicate genus zero ends, co indicates the
infinite genus end, and the segment indicates a ray. The surface M = YUY

0 0
0 0
o0 "00
(a) Surface M = Y UY to be end (b) End sum N us- (c) End sum N’ us-
summed along indicated rays. ing an oriented 1- ing a non-oriented

handle. 1-handle.

FIGURE 1.7. Orientation of the 1-handle at infinity is relevant for
end sums of surfaces with noncompact boundary components.

is the disjoint union of two copies of Y. End sum M along the indicated
rays. Let N be the result using an oriented 1-handle, and let N’ be
the result using a non-oriented 1-handle. The surfaces N and N’ are
shown in Figure [l where the letters L and R are included to display
orientations. Both N and N’ have six ends (four of genus zero, two of
infinite genus, and two extraordinary both of genus zero). Here, |€ (N)| =
|€(M)| = |€(N')]. Notice that N and N’ are not homeomorphic—N
has two noncompact boundary components that point only to genus zero
ends of M and point to a common end of M, whereas N’ does not have
such boundary components. Up to homeomorphism, there are exactly
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two end sums, namely N and N’, of M along the specific ends just used
since ray choice is irrelevant at those ends. To obtain similar examples
with M non-orientable, remove an open disk from the interior of ¥ and
glue in a crosscap. Define N and N’ as before. Though both components
of M are non-orientable, and often orientability of the 1-handle is not
relevant when M is non-orientable, the end sums N and N’ remain non-
homeomorphic (the same argument still applies). Thus, for end sums
of surfaces with noncompact boundary components, orientability of the
1-handle is relevant.

Example [ showed that Theorem is false without the distinct ends hypoth-
esis. To remove that hypothesis, appropriate replacement hypotheses would be
necessary. Our proof of Theorem proceeds by studying end invariants of the
extraordinary end of IV and then applying the classification of noncompact surfaces
with compact boundary as proved by Richards [Ric60]. One may attempt to re-
move from Theorem the hypothesis that 9M is compact by instead using the
classification of noncompact surfaces with possibly noncompact boundary due to
Brown and Messer [BMT79]. Even with that approach to the case where OM is
noncompact, one must understand how ray choice affects the number of extraordi-
nary ends and the number of ends of N, and how the orientation of the 1-handle
affects N. The examples above indicate that those may be subtle questions.

To circumvent those nuances, the present paper focuses on the case where a
single 1-handle at infinity is attached to a surface M with compact boundary along
rays pointing to distinct ends of M. In that case, there is a unique extraordinary end
of N = M U (1-handle) and |€ (N)| = |€ (M)| — 1. We allow M to be disconnected
and OM to be empty. Without loss of generality, it suffices to consider two cases:
(i) M is connected, and (ii) M has two connected components and the 1-handle
connects them. The latter operation is the end sum of the two components of M.

This paper is organized as follows. Section [2] defines an end and recalls the
theory of ends sufficient for our purposes. We have included that material to help
make this paper more self-contained and accessible. Section [Bldefines end sum and
1-handle addition at infinity, sets up notation for those operations, and proves that
those operations indeed yield manifolds (we are unaware of a published proof of
this fact). Section Ml recalls the classification of noncompact surfaces with compact
boundary, including generalized genus, parity, end invariants, and orientability.
Section [l proves our main result—Theorem [B.I1—for PL surfaces by studying how
each of the following end invariants are affected by the addition of a 1-handle at
infinity: the space of ends, boundary, orientability, genus, and parity. Several results
in Section [{] are proved more generally for n-manifolds. In particular, Lemma [5.9]
shows that the space of ends of N = M U (1-handle) is the quotient space of
the space of ends of M by identifying the ends of M along which the 1-handle
is attached (see Lemma for a more precise statement). Section [6] provides an
alternative proof of Theorem [B.1] using Brown and Messer’s [BM79] classification
of noncompact surfaces. That approach also yields a ray uniqueness result for
surfaces—see Theorem [6.10. Lastly, Section [ explains how to extend Theorem [5.1]
to TOP and DIFF surfaces.
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We use the following conventions where X is a topological space, A is any
subspace of X (denoted A C X)), and M is a manifold.

e A denotes the topological closure of A in X.

e A° denotes the topological interior of A in X.

e R, denotes [0,00) and R’ denotes [0,00) x R™"~ 1.

e D™ denotes the closed n-disk.

e CAT denotes one of the manifold categories: TOP, PL, or DIFF.

e CAT manifolds are Hausdorff and paracompact, possibly with boundary.

e A connected manifold without boundary is closed provided it is compact

and is open provided it is noncompact.

M = M’ denotes isomorphism of CAT manifolds.

OM denotes the manifold boundary of M.

€ (X) denotes the space of ends of X.

If « is an end of X and K is a compact subspace of X, then N («; K)

denotes the set of all ends 3 of X for which §(K) = a(K).

o b(M) = |mp (OM)] denotes the number of boundary components of
M.

e g(M) denotes the genus of a surface M and P(M) denotes the parity of
M.

2. Ends of Spaces

Loosely speaking, an end of a space may be thought of as an infinity of the
space. For example, the closed interval has no ends, a ray has one end, and the real
line has two ends. Figure 2] shows three manifolds and their ends. Each (suitably

)

(a) The real line has two  (b) The thrice punc- (c) The closed
ends. tured sphere has three  disk has no
ends. ends.

FIGURE 2.1. Manifolds with their ends indicated by arrows.

nice) space is compact if and only if it has no ends. The set of all ends of a space
may be equipped with a natural topology. Ends and the space of ends play funda-
mental roles in the study of noncompact spaces. A prime example is Whitehead’s
open, contractible 3-manifold, the first example of an open, contractible manifold
not isomorphic to Euclidean space. It may be distinguished from R? by properties
of its end (see Guilbault [Guil6l pp. 6-7]). The space of ends is also an essen-
tial ingredient in Richards’ [Ric60] classification of noncompact surfaces which we
review in Section [4]

The theory of ends dates back to Freudenthal and Hopf in the 1930’s. For
interesting further reading, see Freudenthal’s original paper [Fre31], Siebenmann’s
thesis [Sie65l, pp. 8-12], and Guilbault’s chapter [Guil6]. As we are focused on
manifolds, we restrict our study to spaces that satisfy the following condition.
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DEFINITION 2.1. A topological space X is nice for ends provided X is Haus-
dorff, locally compact, o-compact, connected, and locally connected.

We adopt the convention that a space X is connected provided it has exactly
two subspaces that are both open and closed in X, namely X and &. In particular,
the empty space is neither connected nor disconnected.

Connected manifolds are nice for ends, as are connected, locally finite simplicial
complexes. Each space that is nice for ends is necessarily paracompact. However,
it is not necessarily separable, metrizable, or even first-countable. For example, the
product of uncountably many copies of [0, 1] is compact and nice for ends, but does
not satisfy those three properties.

Throughout this section—unless explicitly stated otherwise—X is a space nice
for ends.

DEFINITION 2.2. An end of X is any function e defined on the collection of
compact subspaces of X such that: for each compact K C X, the output ¢(K)
is a connected component (hence nonempty) of X — K, and if K1 C K3, then
€(K3) C e(K7). Let £ (X) denote the set of all ends of X.

For example, R has two ends e_ and e;. Given a compact K C R, e_(K) is
the connected component of R — K that contains elements less than K, and e, (K)
is the connected component of R — K that contains elements greater than K. One
may verify that e_ and e; are ends of R and, in fact, are the only ends of R.

We recall some fundamental properties of ends. Several proofs will be left to
the reader.

LEMMA 2.3. If € is an end of X, and K and K' are compact subspaces of X,
then e(K) Ne(K') # 2.

LEMMA 2.4. If X is compact, then X has no ends.
The converse of Lemma [2.4] also holds—see Corollary 2.17 below.

DEFINITION 2.5. A subspace of X is bounded provided its closure in X is
compact, and unbounded otherwise.

This terminology aligns with the definition of a bounded subset of Euclidean
space, although in general metric spaces the notions can differ.

LEMMA 2.6. Let € be an end of X. If K C X is compact, then e(K) is an
unbounded subspace of X.

LEMMA 2.7. Let K C X be compact. Then, X —K has finitely many unbounded
connected components. Furthermore, if A is the union of all bounded connected
components of X — K, then KU A is compact and X — (K U A) has only unbounded
connected components.

For the proof of Lemma 2.7 we offer this hint: use local compactness to con-
struct a bounded open neighborhood V' of K. Then, look at the open cover of V'
consisting of V' and all components of X — K.

EXAMPLE 2.8. Let X = D?. For each integer n > 1, let p, = (0,27") and let
U, be an open disk of radius 4" centered at p,. The space K = X — U,U, (a
nonsurface) is compact, but each U, is a bounded connected component of X — K.
Thus, although there are always finitely many unbounded connected components
of X — K, there may be infinitely many bounded components.
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The notion of a neighborhood of an end is used to define a topology on the set
of ends of X.

DEFINITION 2.9. Let € be an end of X. A neighborhood of € is a subspace
A C X such that there exists some compact subspace K C X for which e(K) C A.

For example, consider X = R with ends e_ and e;. A subspace of R is a
neighborhood of e_ if and only if it contains (—oc, a) for some a € R. Similarly,
a subspace of R is a neighborhood of e if and only if it contains (b, c0) for some
beR.

LEMMA 2.10. If K C X is compact, then X — K is a neighborhood of every
end of X.

LEMMA 2.11. If €1 and ey are distinct ends of X, then there exist disjoint
neighborhoods Ay of €1 and Az of €2 (so, AN Ay =3).

An alternative definition of an end may given using a compact exhaustion. This
important and equivalent definition is useful for constructing and visualizing ends.

DEFINITION 2.12. A compact exhaustion of a topological space X is a se-
quence (K;) of compact subspaces K; C X such that K; C K;;; for all ¢ and

o0
UKy =x
i=1
For example, K; = [—i,1] is a compact exhaustion of R. See Figure for two

more examples. To make use of compact exhaustions, we need their existence.

(a) Thrice punctured sphere. (b) Infinite tree.

FIGURE 2.2. Compact exhaustions.

LEMMA 2.13. The (nice for ends) space X has a compact exhaustion.

PrOOF. As X is o-compact, there exist compact subspaces Ly, Lo, ... of X
such that U;L; = X. As X is locally compact, each L; has a compact neighborhood
N; in X (meaning L; C N?). Define K; = U;<;N;, which is compact. For each
x € X, there exists j such that v € L;. So, x € K} and (K;) is a compact
exhaustion of X. O

A compact exhaustion (K;) of X describes X as a limit of the compact sets
K;. It may also be used to define an end of X as a limit of unbounded components
of the complements X — K.
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Fix a compact exhaustion (K;) of X. Define £'(X) to be the set of all sequences
(V;) such that V; is a connected (hence nonempty) component of X — K, and
Vigr C Vi

LEMMA 2.14. There is a one-to-one correspondence between € (X) and E'(X)
that associates to each end € the sequence V; = e(K;).

PRrROOF. If € € £(X), then the sequence V; = €(Kj;) is in fact in &'(X). On
the other hand, given any sequence (V;) € £'(X), one may associate an end € as
follows. For each compact L C X, choose ¢ such that L. C K;. Then, V; is a
connected component of X — K; and is contained in a unique connected component
W of X — L. Define ¢(L) = W. One may verify that e is well-defined, and that
these associations are inverses. (]

When a compact exhaustion (K;) is given for X, we will often conflate an end of
X with the sequence (V;) € £'(X). Some authors—for example Guilbault [Guil6]
§ 3.3]—take this sequence as the definition of an end of X. For alternative defi-
nitions, see Geoghegan [Geo08| § 13.4] and Aramayona and Vlamis [AV20]. As
an example, consider X = R with the compact exhaustion K; = [—i,i]. The only
sequences in &'(X) are V; = (—o0,¢) and V; = (4, 00). These represent the two ends
of R. Using compact exhaustions, we give a straightforward proof that each space
with no ends is compact.

LEMMA 2.15. Fiz a compact ezhaustion (K;) of X. If V1 D Vo D --- DV, is
a finite sequence where each V; is an unbounded connected component of X — K;,
then this sequence extends to an infinite sequence (V;) which represents an end of

X.

PRrROOF. It suffices to prove that if V; is an unbounded connected component
of X — K, then there exists an unbounded connected component of X — K; 4
contained in V;. Using this, any finite initial sequence may be extended inductively
to an infinite sequence.

Let L be the union of K;; and all of the bounded components of X — K; 1. By
Lemma 2.7, L is compact. As V; is unbounded, V; — L # &. Let y € V; — L. Then
y is contained in some component V;y1 of X — K;y1. As y € L, this component
must be unbounded. O

COROLLARY 2.16. If K C X is compact and V is an unbounded connected
component of X — K, then there exists an end € € € (X) such that e(K) =V.

PRrROOF. Let (K;) be any compact exhaustion of X such that K; = &, and let
K! = K;UK for each i. Note that (K]) is a compact exhaustion of X and K| = K.
Apply Lemma [ZT5] to the single-term initial sequence (V). |

COROLLARY 2.17. If X is noncompact, then X has at least one end.

PrOOF. Apply Corollary to K =@ and V = X. O

Compact exhaustions also provide an upper bound on the number of ends of a
space.

LEMMA 2.18. The number of ends of X is at most the continuum.
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PRroOF. Fix a compact exhaustion (K;) of X. There exists one end for each
choice of sequence (V;) where V; is a connected component of X — K; and V; D V;41.
By Lemma [Z.7] there exist only finitely many unbounded connected components of
X — K;. There are at most continuum many ways to pick one element from each
of a countable number of finite sets. O

The set of ends of X admits a natural topology. The resulting space of ends is
essential for the classification of noncompact surfaces.

DEFINITION 2.19. Let € be an end of X, and let K C X be compact. Let
N (e K) denote the set of all ends 8 of X such that e(K) = B(K). We refer to
N(e; K) as a basic end-space neighborhood of e.

Equip € (X) with the topology generated by
{N(gK) :e€c&(X), KC X is compact}

Note that if N(e; K) and N (n; L) both contain an end «, then they both contain
N(a; KU L). Thus, this collection indeed forms a basis for a topology on & (X).

LEMMA 2.20. The space of ends € (X) is Hausdorff, compact, separable, and
totally disconnected.

ProoOF. Fix a compact exhaustion (K;) of X. If €, 7 are two distinct ends
of X, then there exists an n such that ¢(K,) # n(K,). N(e K,) and N (n; K,)
are two disjoint open sets containing e and 7, respectively. Thus, £ (X) is Haus-
dorff. Furthermore, the complement of N (e; K,,) is the union of N (p; K,) for all
ends p for which p(K,) # €(K,). Thus, the complement of N (e; K,,) is open, so
N(e; K,,) is clopen. As any two ends are separated by clopen subsets, & (X) is
totally disconnected.

For each fixed n, there are finitely many unbounded components of X — K,
and so finitely many distinct sets N'(e; K,,) for € € £ (X). Because sets of the form
N (e K,,) form a basis for the topology of £ (X), and there are a finite number of
these sets for each n, £ (X) is second-countable, hence separable.

Lastly, we prove that £ (X) is compact. Suppose for contradiction that & (X)
has an open cover C with no finite subcover. Say that a subset of £ (X) is not
finitely coverable if no finite subset of C covers it. Suppose that {e : e(K,) =V} is
not finitely coverable for some V' C X. Then, let W1, W5, ..., W} be the unbounded
connected components of X — K, 1 contained in V. We can see that {e : (k) =
V'} is the union of {e : e(K,41) = W;} over all W;. As {e : ¢(K,) = V} is not
finitely coverable, there exists some j such that {e : e(K,4+1) = W;} is not finitely
coverable. As £ (X) is not finitely coverable, we obtain a sequence Wi, Wy, ...
where W; is a connected component of X — K, {e : €(K;) = W,;} is not finitely
coverable, and W; D W;, 1. This determines an end, «, of X. The end « is in some
open subset U € C, which contains a subset of the form N (a; K,,) for some n. But,
then, A(a; K,,) would be finitely coverable, which we know is not the case. This is
a contradiction, so € (X)) is compact. O

As ends are defined using compact subspaces, the theory of ends naturally
utilizes proper maps. Recall that a continuous function f : X — Y is proper
provided the inverse image of each compactum is compact. Topological spaces and
proper maps form a category that is well-suited to the study of ends. Given a
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proper map f: X — Y, we may extend f to a (proper) map & (f): E(X) = E(Y).
In other words, £ (—) is a functor.

DEFINITION 2.21. Let £(f)(e) denote the unique end n € £(Y) such that
F*(n(K)) D e(f~H(K)) for all compact K C Y.

It may be shown that £ (f) is well-defined and continuous. For example, let
Ry =1[0,00) C R. Aray in X is a proper embedding 7 : Ry — X. There is a simple
description of £ (r). Let e be the unique end of R, and let n = £ (r) (¢) € € (X).
Then, n(K) is the unique component of X — K which contains r((a, 00)) for some
a € Ry. In this case, we say that r» points to 7.

Although arguments are cleaner for connected spaces, the theory of ends applies
to disconnected topological spaces that are otherwise nice for ends. This allows us to
define the ends of any manifold, which we will use frequently when adding 1-handles
at infinity.

DEFINITION 2.22. Let X be Hausdorff, locally compact, locally connected, and
o-compact, but not necessarily connected. An end of X is an end of a connected
component of X.

When X is disconnected, we may still define a natural topology on &£ (X) as
above. As a topological space, £ (X) is the disjoint union of £ (C') over all connected
components C of X. If X has only finitely many connected components, then
€ (X) is still compact. If X has infinitely many components, then £ (X) may be
noncompact. Our focus is the effect of adding a single 1-handle at infinity to a
manifold M. This operation involves either one or two components of M, and any
other components may be safely ignored.

3. End Sum and 1-handles at Infinity

The basic idea of the end sum operation is to combine two noncompact mani-
folds of the same dimension along a proper ray in each. For example, the interior
of a boundary sum of two manifolds with boundary is an end sum of their interiors.
In general, end sum is more complicated than boundary sum as it applies to non-
compact manifolds that are not necessarily the interior of any compact manifold,
and it requires a choice of ray in each manifold. End sum also requires a choice of
a tubular neighborhood map for each ray, though different choices yield isomorphic
manifolds. End sum is a special case of the more general operation of attaching a
1-handle at infinity to a possibly disconnected manifold (see also [CG19] pp. 1303—
1305]). We define these operations simultaneously for CAT=TOP, PL, and DIFF. For
the remainder of this section, embeddings and homeomorphisms are assumed to be
CAT.

Let M be a (possibly disconnected) n-manifold. A ray in M is a proper,
locally flat embedding r : Ry — M with image in the manifold interior of M. We
often conflate a ray with its image in M. Applying the end functor € to r (see
Definition 22T]), we have that £ (r) picks out a single end n € £ (M). In this case,
we say that r points to 7. Define a tubular neighborhood map of r to be a
proper, locally flat embedding v : [0,00) x D"~! — M with image in the manifold
interior of M and such that v(z,0) = r(z).

Let 7 and 7’ be disjoint rays in M, and let v and v/ be tubular neighborhood
maps of r and ' (respectively) with disjoint images. Let U C M be the image
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FI1GURE 3.2. The result N of adding a 1-handle at infinity to M.

of v restricted to the manifold interior of its domain. Similarly, define U’ for v/'.
As U and U’ are locally flat embeddings of n-manifolds without boundary into the
manifold interior of M, U and U’ are open subsets of the manifold interior of M
(hence, also of M).

Let E = RxR""! which is the 1-handle at infinity that will be attached to M.
As in Figure B} we partition E into E_ = (—00,0) x R*~!, By = {0} x R*~!, and
E; = (0,00) x R*!. The restriction of v to U gives a homeomorphism (0, c0) x
(D"~ 1)° 22 U where (D"~ 1)° denotes the manifold interior of the disk. By reversing
the first factor and radially expanding the second, we get a homeomorphism ¢ :
E, — U. Similarly, the restriction of v/ to U’ gives a homeomorphism (0, co) x
(D"1)° = U’. By reversing and negating the first factor and radially expanding
the second, we get a homeomorphism ¢_ : E_ — U’.

We glue E' to M using the maps ¢ and ¢_. Explicitly, let ~ be the equivalence
relation on M U F generated by  ~ ¢ (z) for z € E; and x ~ p_(x) for x € E_.
Let IV be the quotient space of M U E by this equivalence relation as in Figure
Let ¢ : M UFE — N be the associated quotient map. We call N a result of
attaching a 1-handle at infinity to M. If M = M; U Ms has exactly two
components M; and Ms, each containing one of the rays r or r’, then we call N an
end sum of M; and My (or simply an end sum of M). When M is an oriented
manifold and ¢4 and ¢_ are both orientation-preserving, we call this construction
an oriented 1-handle.

Below, we prove that N is naturally an n-manifold (we are not aware of a proof

of this fact in the literature). Define the composite maps ip; : M — M UFE 5N
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and ip : E <~ MUE % N. As the tubular neighborhood maps v and v’ have
disjoint images, the maps iy, and ig are injective.

LEMMA 3.1. The quotient map q: M U E — N is open.

PROOF. The quotient map is open if and only if the saturation of any open set
in M U E with respect to ~ is still open in M U E. Let V be open in M LI E and
let W = ¢~!(q(V)) be the saturation of V with respect to ~. We have:

W=VUp(VNE)Ue (VNU)Up_(VNE_)Up-{(VNU’)

As ¢4 and ¢_ are homeomorphisms between open subspaces of M U E, W is
open. O

COROLLARY 3.2. The maps iy : M — N and ig : E — N are open.

PRrROOF. The inclusions M — MUFE and E — MUFE are open by the definition
of the disjoint union topology. Now, apply Lemma BT O

The following is the key step where properness of the rays and tubular neigh-
borhood maps are required.

LEMMA 3.3. The quotient space N is Hausdorff.

PROOF. Let a and b be distinct points in N. If a,b € Im 7,4, then z']le (a) and
iy (b) are separated by disjoint open sets A and B in M. The sets iy (A) and 45 (B)
are disjoint since iy is injective, open in N by Corollary[B:2] and thus separate a and
b. If a,b € Im ig, then similarly i;:l(a) and igl(b) are separated by disjoint open
sets in E whose images under iy separate a and b. Lastly, consider the case where
a € Im ipr and b € Im ip. We may assume b € ig(Fp), as otherwise b € Im 4y,.
Let A be a bounded open subset of M containing a. As the tubular neighborhood
maps v and v/ are proper, there exists some s > 0 such that v((s,00) x D"~ 1)
and v/ ((s,00) x D" 1) are disjoint from A. So, there exists some ¢ > 0 such that
ip((—t,t) x R"~1) is disjoint from iy (A). The sets ig((—t,t) x R"~1) and iy (A)
are open by Corollary and separate a and b. ([l

LEMMA 3.4. The quotient space N is naturally an n-dimensional CAT mani-
fold. If M is oriented and the 1-handle is oriented, then N is naturally an oriented
manifold. The maps iy andig are open embeddings, and if the 1-handle is oriented,
then iy and ip are orientation-preserving.

ProoF. The quotient space N is Hausdorff by Lemma[3.3l As MU FE is second-
countable and the open quotient of a second-countable space is second-countable, N
is also separable. Every point of N has a neighborhood homeomorphic to a subset
of M or E, so in particular, N is locally Euclidean. Thus, NV is a TOP manifold.
If CAT=PL or DIFF, then N inherits a natural PL or DIFF structure using an atlas
generated by the charts of M and F.

If in addition M is an oriented manifold and the 1-handle is oriented, then the
atlas generated by the oriented charts of M and E defines an orientation of V.

Lastly, ip; and ig are injective, open by Corollary B.2] and thus are open
embeddings. If in addition M is an oriented manifold and the 1-handle is oriented,
then iy; and ig respect the orientation of N. O
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There is an equivalent operation to adding a 1-handle at infinity that is some-
times useful. In this alternative formulation, disjoint closed regular neighborhoods
A and A’ of r and 7’ are chosen in the interior of M. Then, N is defined by re-
moving the manifold interiors of A and A’ from M and then gluing together the
resulting boundary components—both are copies of R"~1—by an orientation re-
versing homeomorphism. For more on this approach, see [CKS12 pp. 1813-1818].

4. Classification of Surfaces with Compact Boundary

The classification of noncompact surfaces with compact boundary is essential
for our end sum uniqueness results. This contrasts with end sum uniqueness results
in higher dimensions which rely on isotopy uniqueness of rays [CG19]. Manifolds
in this section are assumed to be PL although the results hold for DIFF and TOP.
Following Richards [Ric60], we define the genus and parity of any surface with com-
pact boundary and extend those concepts to end invariants. Using those invariants,
we present a classification theorem of surfaces with compact boundary.

4.1. Compact Surfaces. We begin with the well-known classification of com-
pact surfaces. For a proof, see [Mun00, pp. 446-476]. Given a compact surface
M, let x(M) denote its Euler characteristic, and let b(M) denote the number of
boundary components of M.

THEOREM 4.1 (Classification of compact surfaces). Let M be a compact, con-
nected surface. If M is orientable, then for some non-negative integer g, M is
isomorphic to a sphere with g handles and b(M) holes, and x(M) =2—2g—b(M).
If M is non-orientable, then for some positive integer k, M is isomorphic to the
sphere with k cross-caps and b(M) holes, and x(M) =2 —k — b(M).

It will be more convenient for us to classify surfaces by their genera. We use
the following convention (sometimes called the “generalized genus”) to extend the
concept of genus to any compact surface. Given a compact surface M, let |mo (M)]
denote the number of connected components of M.

DEFINITION 4.2. Let M be a compact surface. The genus of M, denoted
g(M), is an integer or half-integer defined by the following.

b(M) + x(M)
2

For example, consider the surfaces described in Theorem [£.1} in the orientable
case g(M) = g, and in the non-orientable case g(M) = k/2. Observe that the genus
is unchanged if a surface is punctured (meaning an open disk is removed). Further,
genus is additive over disjoint union since it is a linear combination of functions
that are each additive over disjoint union. These properties make the genus a user-
friendly alternative to the Euler characteristic. In a sense, the genus measures the
complexity of a surface. This idea is made concrete by the following.

9(M) = [mo (M)] -

THEOREM 4.3. If N is a compact surface, then g(N) > 0. If M is a subsurface
of N, then g(M) < g(N).

PrOOF. The classification of compact surfaces (Theorem 1)) implies that ev-
ery compact, connected surface has non-negative genus. As genus is additive over
disjoint union, every compact surface has non-negative genus.
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Now consider a compact surface N with a compact subsurface M. It will be
convenient for M to avoid the boundary of N. So, we let N’ be the result of gluing
an external collar ON x [0,1] to N along ON. Note that N and N’ are isomorphic
and that M lies in the manifold interior of N’.

As M is a subsurface of N’ and is disjoint from ON, we have E = N’ — M is a
subsurface of N’. Note that N’ is obtained by gluing E and M together along their
boundaries. More precisely, each boundary component of M is glued to a unique
boundary component of E. We have

b(N') = b(E) — b(M)
X(N') = x(M) + x(E) = x(M N E) = x(M) + x(E)

Beginning with |mo (M)|+ |mo (E)| components of M and E, observe that each time
a boundary component of M is glued to one of E, the total number of components
is reduced by 0 or 1. Thus, we have
o (N)| = |mo (M)| + [mo (E)| — b(M)
Therefore
b(N") + x(N'
o(N) = o (1) - LI XD
> g(M) +9(E)
As g(N') = g(N) and g(E) > 0, we get g(N) > g(M). O

Define the parity of a compact surface M, denoted P(M), to be 2g(M) (mod
2). We call a compact surface even if its parity is zero and odd otherwise. Parity
is strongly related to orientability by the following lemma.

LeEMMA 4.4. If N is a compact, orientable surface, then P(N) = 0. If N is
a compact surface and M C N is a subsurface such that ON C M and N — M is
orientable, then P(N) = P(M)

PROOF. By the classification of compact surfaces (Theorem [£I]), it can be
checked that every compact, connected, orientable surface has even parity. As
the parity of a disconnected surface is the sum of the parities of its connected
components, every compact, orientable surface has parity zero.

Now, consider a compact surface N with compact subsurface M such that
ON C M and N — M is orientable. Let £ = N — M. Because N C M, E is
actually a (compact) subsurface of N. As N — M is orientable, E is orientable.
Thus, E has even parity.

We have

b(N) = b(M) — b(E)
X(N) = x(M) +x(E) = x(M N E) =x(M) + x(E)
Thus

g(N) —g(M) = <|7T0 (N)| — M) - <|7r0 (M) — M)

2 2

= |mo (N)| — |7T0(M)|+@_ @

= [mo (N)| = |mo (M)] = |mo (E)[ + b(E) + g(E)
As g(E) is an integer, g(N) — g(M) is an integer. Hence, P(N) = P(M). O
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4.2. Noncompact Surfaces with Compact Boundary. To extend our def-
initions from compact surfaces to noncompact surfaces, we will require the existence
of arbitrarily large compact subsurfaces. The key theorem we need for these argu-
ments is the following.

THEOREM 4.5. Let M be a surface and let K C M be compact. Then there
exists a compact, locally flatly embedded subsurface S C M such that K C S.

PROOF. Fix a triangulation ¥ of M. Let L be the union of all triangles in X
that intersect K. Let X’ be the barycentric subdivision of ¥ and let S be the union
of all triangles in ¥’ that intersect L. It can be checked that S is a PL subsurface
of M. |

As a consequence of Theorem 3] we see that for a compact surface N, g(IN)
is the supremum of g(M) over all compact subsurfaces M. This suggests a way
to define the genus for arbitrary (noncompact) surfaces in terms of their compact
subsurfaces. This generalized genus will play a vital role in our classification of
noncompact surfaces with compact boundary.

DEFINITION 4.6. Let N be a surface with compact boundary. The genus of
N, denoted g(N), is the supremum of g(M) over all compact subsurfaces M C N
(and may be infinite).

Definition .Glis not circular because the genus of an arbitrary surface is defined
in terms of the genus of compact surfaces, which we have already defined. By
Theorem (.5 we know that there exist arbitrarily large compact subsurfaces of N, so
g(N) is actually the limit of g(M) for compact subsurfaces M as M gets arbitrarily
large. Similar to the compact case, we may think of the genus of a noncompact
surface as a measure of complexity by the following extension of Theorem

THEOREM 4.7. If N is a surface, then g(N) > 0. If M is a subsurface of N,
then g(M) < g(N).

Parity applies to noncompact surfaces with compact boundary provided the
surface is orientable outside of a compact subset. When N is connected, this is
equivalent to NV having no non-orientable ends (see Definition[L9]). If N is orientable
outside of a compact subset, then by Theorem 5] there exists a compact subsurface
M C N such that 9N C M and N — M is orientable. Following Lemma [£.4] we
would like to define P(N) to equal P(M).

To prove this is well-defined, consider two compact subsurfaces My, My C N
such that NV — M; and N — M5 are both orientable. Let S C N be a subsurface such
that My U My € S. By Lemma 4 P(M;) = P(F) and P(Mz) = P(E). Thus,
P(M1) = P(Ms). As a consequence, the following is well-defined.

DEFINITION 4.8. Let N be a surface with compact boundary that is orientable
outside of a compact subset. The parity of N, denoted P(N), is the parity of any
compact subsurface M C N such that 9M C N and N — M is orientable.

When g(N) is finite, we can see that P(N) = 2g(N) (mod 2). However, the
parity of a surface may exist even when the genus is infinite.

4.3. End-Invariants. To continue our exploration of the properties of non-
compact surfaces, we will need to classify the ends of a surface. We will do this
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through the idea of an “end-invariant”, a concept that can actually be applied to
any topological space which is nice for ends.

Let X and X’ be nice for ends. Define two ends n € £(X) and ' € &£ (X')
to be isomorphic if there exist closed neighborhoods A of 7 and A’ of ' and
a homeomorphism f : A — A’ such that £(f) (n) = n’. It can be checked that
isomorphism of ends is an equivalence relation. An end-invariant is any property
or quantity associated to an end that is invariant under end isomorphism. One
particularly important end-invariant is its orientability.

DEFINITION 4.9. An end 7 of a manifold M is orientable if 1 has a closed
neighborhood A such that A° is orientable. Otherwise, we say that n is non-
orientable.

Examples of orientable and non-orientable ends are shown in Figure @1l If n

(a) Non-orientable end. (b) Orientable end.

FIGURE 4.1. One-ended, non-orientable surfaces.

has an orientable neighborhood 7(K) for some compact K C M, then every end in
N (n; K) is also orientable. Thus, the orientable ends of M form an open subset of
E(M). Let M be connected. If M is orientable outside of a compact set, then all
of its ends are orientable. Conversely, suppose that every end of M is orientable.
As every end of M has an orientable neighborhood and &€ (M) is compact, M is
orientable outside of a compact set.

Another important end-invariant is the genus of an end.

DEFINITION 4.10. The genus of an end 7 of a surface M with compact bound-
ary is defined as the infimum of g(A°) over all closed neighborhoods A of 7.

For example, any end collared by S! has genus zero. If A and B are two
neighborhoods of n with A C B, then g(A°) < g(B°). Thus, the genus of an end
can also be considered the limit of g(U) for arbitrarily small neighborhoods U of 7.
In fact, this limit can only have two possible values.

LEMMA 4.11. An end n of a surface with compact boundary M either has zero
genus or infinite genus.

PrROOF. Let i be an end of M with finite genus h > 0. Let K C M be compact
such that g(n(K)) = h. By definition, there exists a compact subsurface L C n(K)
such that g(L) = h. Now, g(n(K U L)) must still be h, so there exists a compact
subsurface L' C n(K U L) such that g(L') = h. However, L and L’ are disjoint,
so g(LUL") = g(L) + g(L') = 2h. In addition, L U L’ is a subset of n(K). Thus,
g(n(K)) > g(LU L") = 2h. This is a contradiction. O
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Let M be a surface with compact boundary. If 7 is genus zero, then g(n(K)) =0
for some compact K C M. Thus, every end in N (n; K) has genus zero. Thus, the
genus zero ends of M form an open subset of £ (M).

Let M be a connected surface with compact boundary. If M has finite genus,
then every end of M has finite genus (hence zero genus). Conversely suppose that
every end of M has finite genus. As every end of M has a genus zero neighborhood
and € (M) is compact, M is genus zero outside of a compact set.

The genus and orientability of an end are related. If an end 5 of a surface has
genus zero, then it has a genus zero neighborhood. As every genus zero surface is
orientable, this neighborhood is also orientable. Thus, every genus zero end of a
surface with compact boundary is also an orientable end.

Beyond these more geometric end-invariants, there are a whole host of alge-
braic end-invariants. The most important of these are the homotopy, homology,
and cohomology groups at infinity [Geo08| pp. 229-281, 369-401]. These are in-
credibly important, and provide very powerful tools for distinguishing various ends,
and by extension, distinguishing various manifolds. Like the respective invariants
of algebraic topology (that is, the homotopy, homology, and cohomology groups),
the algebraic end-invariants listed so far are all functorial. But whereas the ho-
motopy, homology, and cohomology groups are invariant under homotopy, their
end-invariant counterparts are invariant only under proper homotopy.

The cohomology groups at infinity have proven particularly useful in investigat-
ing the uniqueness of end sums. In forthcoming work, Calcut and Guilbault prove
that the cohomology groups at infinity of an end sum are independent of which
choices are made in the end sum. However, the ring structure of the cohomology at
infinity is crucial in work thus far to distinguish between non-isomorphic end sums
of two manifolds. In some classifications of noncompact surfaces, the cohomology
ring at infinity plays a crucial role, carrying effectively the same information as the
space of ends and the geometric invariants of the ends [Gol71].

4.4. The Classification Theorem. We may now state the classification of
surfaces without boundary. For a proof, see Richards’ thesis [Ric60].

THEOREM 4.12. Let M and N be two connected surfaces without boundary
with the same genus, the same orientability class, and homeomorphic end-space
considered as a topological triplet (A, B,C) where A is the space of non-orientable
ends, B is the space of infinite genus ends, and C is the space of ends. Then, M
and N are isomorphic.

We also have a natural extension to surfaces with compact boundary.

COROLLARY 4.13. If M and N are two connected surfaces with compact bound-
ary with the same invariants used in Theorem 12, and in addition b(M) = b(N),
then M and N are isomorphic.

5. Main Theorem

Our main theorem is the following.

THEOREM 5.1. Let M be a (possibly disconnected) surface with compact bound-
ary, and let n and 1’ be distinct ends of M. Let N be a result of adding a 1-handle at
mfinity to M alongn andn'. If n and ' are ends of distinct connected components
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of M, then N is unique up to isomorphism. If n and 7/ are ends of the same con-
nected, non-orientable component My of M, then N is unique up to isomorphism.
Lastly, suppose that n and 1’ are ends of the same connected, orientable component
My of M. If the 1-handle is oriented, then N is unique up to isomorphism. If the
1-handle is not oriented, then N is unique up to isomorphism.

This has the following immediate corollary for the end sum of surfaces.

COROLLARY 5.2. Let M and M' be distinct connected surfaces with compact
boundary. Let n be an end of M and let i be an end of M'. Then, the end sum of
M and M’ along n and 7' is uniquely determined up to isomorphism.

The main tool we will use to prove Theorem [5.1]is the classification of surfaces
with compact boundary (Corollary L13]). That classification is based on the follow-
ing characteristics of a connected surface A: boundary, orientability, genus, parity,
space of ends, subspace of infinite genus ends, and subspace of non-orientable ends.
In each of the next few subsections, we examine one or more of these characteristics
and their behavior under the addition of a 1-handle at infinity.

CONVENTIONS 5.3. For the remainder of this paper, unless otherwise stated,
we will use the following conventions. Some of these conventions are reused from
Section [3

e All manifolds are PL.

e Let M be an n-manifold, and let n and 1’ be ends of M (not necessarily
distinct). Let r and 7’ be disjoint rays in M pointing to n and n’ respec-
tively. Let v and v/ : Ry x D"~ — M be tubular neighborhood maps of
r and r’ respectively with disjoint images.

e Let £ = R", and define the subspaces E_ = (—00,0) x R"7! Ey =
{0} x R"! and E, = (0,00) x R*~1.

e Let NV be the result of adding a 1-handle at infinity to M along the tubular
neighborhood maps v and v’/ by attaching the strip F as described in
Section[3 Let ¢_ : F_ — M and ¢, : Ey — M be the gluing maps used
in the construction of N. Let ¢j; be the natural embedding of M into N,
and let i be the natural embedding of E into N.

e Let R, = [-m,m]™. We will use (R,,) as a compact exhaustion of E.

e (K,,) is a compact exhaustion of M as specified in Theorem

o Let Ly, = ip(Kp) Uig(Ry). We will use (L,,) as a compact exhaustion
of N.

In our study of the ends of M and N, it will be helpful to have exhaustions
that are situated nicely with respect to both the rays r and r’ and the tubular
neighborhood maps v and v'.

LEMMA 5.4. For every compact subset K C M, there exists a compact n-
manifold A C M such that:
(i) K C A°,
(i) v=1(A) =1[0,a] x D", and
(iii) 71(A) = [0,a'] x D"~ for some a,a’ > 1. This situation is presented
in Figure Bl

PROOF. Pick ¢ such that v=1(K) C [0,¢] x D", Similarly for ¢’ and v/. Set
L=KUv([0,¢ x DYy u([0,d] x D*1)
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M v A /“ l"‘
= >

K : L

1 \ ,’

FIGURE 5.1. Surface M containing a compact set K, ray r, and
tubular neighborhood v of r. The compact subsurface A of M
contains K in its interior and meets v nicely.

Let T be a regular neighborhood of L in M (see Rourke and Sanderson [RS72|
Ch. 3] and Scott [Sco67] for the PL theory of regular neighborhoods). Importantly
for us, K C T° and T is a compact n-dimensional submanifold of M [RST2] p. 34].

Construct an ambient isomorphism 1) with support disjoint from L and Im ¢/
such that (0T is transverse to dIm v [AZ67, p. 185]. Replace T by ¢(T'). Note
that T is still a regular neighborhood of L, but now intersects Im v transversely.
Similarly, modify T to be transverse to Im v as well.

Pick d > 1 such that v~(7T) is contained in [0,d] x D"~!. Similarly, find d’.
Set

A=TUv([0,d] x D"y ur'([0,d] x D™ 1)

It is clear that A is locally Euclidean at all points except 9T NOIm v and 9T NOIm /.
By transversality, for every p € 0T N 0lm v, there exists a neighborhood U of p
and a coordinate map ¢ : U — R™ where ¢(p) =0, ¢(T) = [0,00) x R x R"~2, and
o(Im v) = Rx[0,00)xR"~2, In this local coordinate map, it is clear that A is locally
Euclidean at p. Thus, A is a n-dimensional submanifold of M. Since K C T°,
K C A°. By construction, v=*(A) = [0,d]x D"~ and v'71(A) = [0,d']x D", O

By constructing larger and larger submanifolds using Lemma[5.4] we can create
a nice compact exhaustion for M.

THEOREM 5.5. Let C' C M be compact. There exists a compact exhaustion
(Km) of M such that

(i) C C Ky, for all m,
(ii) K,, is an n-manifold for all m,
(iii) v Y Kp) = [0,a,] x D" 1 and v'"Y(K,,) = [0,a),] x D"t for some
SEQUENCES Gy, ar, > 1.

PROOF. Start with any compact exhaustion (A4,,) of M. Inductively build
(K,,) as follows: set Ky = C. For all m > 0, let K,, be a compact submanifold
of M containing A,, U K,,_; that has nice intersection with v and v/, as given by
Lemma [5.41 O

Using a compact exhaustion of M provided by Theorem [5.5] we may construct
a nice compact exhaustion of N as well. Define L,, = R,, U K,,. Because K,,
and R,, have transverse intersection, (L,,) is a compact exhaustion of N by n-
manifolds. In this section, we use the compact exhaustions: (K,,) of M, (R,,) of
E, and (L,;,) of N. These exhaustions are depicted in Figure

5.1. Space of Ends. In this section, we tackle the end-space of N. In the
process, we will encounter ordinary and extraordinary ends of N, and the map
h:EN)=EM)/(n=7).
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(a) Manifolds M and E with compact ex- (b) End sum N with compact exhaustion (Ly,).
haustions (Kp,) and (Rm) respectively The image of E, ig(F), is dashed for clarity

FIGURE 5.2. Constructing the compact exhaustion (L,,) of the
end sum N.

Call an end « of N ordinary provided that it has a neighborhood contained in
ins (M), or equivalently, that it has a neighborhood disjoint from i g (FEp). Otherwise,
call a extraordinary. An ordinary end is essentially not involved in the 1-handle
construction, and is the simplest to describe.

LEMMA 5.6. If o is an ordinary end of N, then a(ip(K)) is disjoint from
ig(FEo) for sufficiently large compact K C M.

PROOF. Because « is ordinary, a(L,,) is disjoint from ig(Ey) for some m.
Consider U, = ig((—a,a) x R*~1). For small enough a, L,, NU, = ig((—a,a) x
[—m, m]"~1) by construction of L,,. If so, then all components of U, — L., intersect
ig(Ep). So, a(Ly,) is disjoint from U,, and therefore o(L,,) is a connected compo-
nent of N — (L, — U,). Thus, a(Ly, — U,) = a(Ly,) is disjoint from ig(Ey). O

LEMMA 5.7. If a is an extraordinary end, then a(iy (K)) is the disjoint union
i) Uip (0 (K))Uig(Ep) for all compact K C M.

PROOF. Since « is extraordinary, a(ip (K)) must not be disjoint from ig(Ep).
Thus, a(ip (K)) contains ig(Fp). Every neighborhood of i p(Ey) intersects ips (n(K))
and iy (n'(K)). Furthermore, iy (n(K)) Uin(n'(K)) Uig(Ep) is an open set. Its
complement in N — i5/(K) is a union of open sets of the form iy (U), where U
is a component of M — K. Tt follows that iy (n(K)) Uiy (7' (K)) Uig(Ep) is a
component of N — iy (K), hence equals a(ip (K)). O

LEMMA 5.8. To every ordinary end o of N, we can assign a unique end B of
M such that iy (B(K)) C alip(K)) for all compact K C M. Furthermore, a and
B are isomorphic as ends, and 3 # 1,7’ .

ProoOF. By Lemma 5.0l a(in(K,y,)) is disjoint from ig(Ep) for some m. For
any compact A C M, consider Ly = ip (AU K,,). This is a compact subset of
N, and «a(L,) is disjoint from ig(Ep). Define S(A) to be the unique connected
component of M — A containing i, (a(L4)). Note that 3 is a well-defined end of
M. So, ip(B(A)) is the connected component of iy (M) —ip (A) containing a(L 4),
and a(ip(A)) is the connected component of N — ips(A) containing (L 4). Thus,
iar(B(A)) € alini(A)).
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Suppose ' is another end satisfying that condition. For large enough compact
K C M, a(iy(K)) is disjoint from ig(Ep), so iy (B(K)) = a(ipn(K)) = in (8 (K)).
Thus, B’ = 5.

For large enough compact K C M, ip(B(K)) = a(ip (K)). Thus, @ and S are
isomorphic as ends. O

When « is an ordinary end of N, let h(a) denote the associated end of M, as
given by Lemmal5.8 Note that with this definition, A is a function from the ordinary
ends of N to £ (M) —{n,n'}. Extend h to a map from £ (N) to € (M) /(n=1") by
setting h(a) = = 1/ whenever a is an extraordinary end of N. By £ (M) /(n = 17'),
we mean the topological quotient of £ (M) by the equivalence relation = generated
by n = n’. This quotient map is closed (since it is a continuous function from a com-
pact space to a Hausdorff space), but is not necessarily open (consider two copies
of the surface M above in Figure[[.Tland end sum along their nonisolated ends). It
will be shown in Lemma [5.9] that in many cases, this A is also a homeomorphism,
completely describing the end space of V.

LEMMA 5.9. The canonical map h: E(N) = E (M) /(n=1'") is continuous. If
n > 2, then h is surjective. If (i) n =2, OM is compact, andn # ', or (i) n > 3,
then h is a homeomorphism.

PROOF. First, we prove that h is continuous. Let o be an end of N, and let
B = h(«). Let U be an open neighborhood of 8 in £ (M) /(n = 7'). We will show
that h(V) C U for some open neighborhood V of a. If « is ordinary, then we may
take U = N(B; K) for some compact K C M, and by Lemma [5.6] we can assume
that a(ip(K)) is disjoint from ig(Fy). For every end 7 € N(a;ipn(K)), 7(K) is
disjoint from ig(Ep), so 7 is ordinary. In fact, h(7)(K) = B(K), so h(7) € U. If
« is extraordinary, then we may take U = N (n; K) UN(1/; K) for some compact
K C M. For every extraordinary end 7 € N(a;in(K)), h(r) = 8 € U. For every
ordinary end 7 € N (o;ipn(K)),

ing(W(7)(K)) € 7(in(K)) = a(ing(K)) = ing ((K)) Uiy (' (K)) Uiip(Eo)

The last equality is true by Lemmal[57 Thus, h(7) = n(K) or o' (K). So, h(r) € U.
Thus, h is continuous.

In the other direction, let 8 # 7,7’ be an end of M. Pick compact K C M such
that 8(K) # n(K),n (K). Note that ip/(8(K)) is also a connected component of
N — iy (K). Given compact L C N, set L' = K U(B(K)Niy; (L)). Note that L' is
a compact subset of M. Define (L) as the unique component of N — L containing
ire(B(L')). Then, « is the unique end of M such that h(a) = 3.

The map h is surjective provided there is at least one extraordinary end of N.
Furthermore, as a continuous map between compact spaces, h is a homeomorphism
as long as it is bijective, that is, as long as there is one extraordinary end of N. An
end « of N is extraordinary provided that a(L) intersects ig(FEp) for all compact
L C N. If n > 2, then ig(Ep) is noncompact, so it has at least one end p. Let
a(L) be the unique component of N — L containing p(ig(Fo) N L). Then « is an
extraordinary end of N.

If n > 3, then ip(Ey) = R"! has a single end p, and for any extraordinary
end ¢, ¢(L) D p(ig(Ep) N L). Thus, N has exactly one extraordinary end.

If n =2, then ig(Fy) = R has two ends, p_ and p. For any extraordinary end
¢ of N, (L) contains at least one of p_(ig(Ep) N L) or py(ig(Ep) N L). Thus, N
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has at most two extraordinary ends, and N has a single extraordinary end precisely
when p_(ig(Ey)NL) and p4 (ig(Ep)NL) are always contained in the same connected
component of N — L.

Suppose that n = 2, n # 1/, and OM is compact. It suffices to prove that
p+(ig(Eo) N Ly,) and p_(ig(Eop) N Lyy,) are connected in N — Ly, for large enough
m. Starting at pi(ig(Eo) N Ly,), trace along the boundary of ig(R,,) until it
intersects iy (K,n). Let T be the boundary component of K, that we intersect.
Since OM is compact, IM C K, for large enough m. Thus, staying within N —L,,,
we can traverse i)7(7) until we again intersect with ig(R,,). Traverse the boundary
of ig(R,,) until we return to p4(ig(Eo) N Ly,) or arrive at p_(ig(Ep) N Ly,). If
we return to py(ig(Ep) N Lyy,), then T must be a boundary component of both
n(K,) and 1/ (K,,). Since n # n', n(Kn) # ' (Ky,) for large enough m, in which
case this situation is impossible. We have traced a path from p4 (ig(Eo) N Ly,) to
p—(ig(Ep) N Ly,) within N — L,,,. Thus, they are connected in N — L,,, and N has
exactly one extraordinary end. |

In the future, whenever there is a unique extraordinary end of N, we will call
it . While the ordinary ends of N are isomorphic to their corresponding ends in
M and easy to classify, understanding ¢ takes more effort.

5.2. Boundary. In this section, we briefly consider the boundary of N.
THEOREM 5.10. There is a canonical isomorphism ON = OM.

PROOF. As iy and ip are open embeddings, ON = iy (OM) Uig(OF). As E
has no boundary components, N = iy (OM). O

5.3. Orientability. In this section, we tackle the orientability of N. The
orientability of N depends on the orientability of M, which ends are used for the 1-
handle, and the orientation of the 1-handle. For examples, see Figures[[.3]and [[.4]in
Section [[l above. To prove that N is orientable, it suffices to exhibit an orientation
on N. To prove that N is non-orientable, we will use the notion of an orientation-
reversing loop.

DEFINITION 5.11. A loop 7 in a manifold M is orientation-preserving if
v lifts to a loop in the oriented double-cover of M. Define two paths I'y and T's
in M with the same endpoints to have the same effect on orientation if the
concatenation of I'y by the reverse of I's is an orientation-preserving loop.

For a description of the oriented double-cover of a manifold, see [Hat02]
pp. 233-235]. As a homotopy of a loop in the base space lifts to a homotopy in the
covering space, two homotopic loops are either both orientation-preserving or both
orientation-reversing. Importantly for us, every loop in M is orientation-preserving
if and only if M is orientable.

THEOREM 5.12. If M is connected, then N is orientable if and only if M is
orientable and the 1-handle is oriented. If M = M; U My where each M; is a
connected component of M, n is an end of My and 1 is an end of Mo, then N is
orientable if and only if both My and My are orientable.

PROOF. First consider the case where M is connected. Suppose that M is
non-orientable. As iy (M) is an open subset of N, N is also non-orientable. Next,
suppose that M is orientable. Fix an orientation of M. If the 1-handle is oriented,
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then by Lemma [B.4] N is orientable. If the 1-handle is not oriented, then we
may assume without loss of generality that ¢, is orientation-preserving, and ¢_
is orientation-reversing. Fix a € ig(E_) and b € ig(Ey). Choose a path within
ig(E) from a to b and a path within ip; (M) from b to a. Concatenating these paths
gives an orientation-reversing loop. Thus, N is non-orientable.

Second, consider the case where M = M; U M, where each M; is a connected
component of M, n is an end of M;, and n’ is an end of My. Suppose that M
is non-orientable. As ip/(M;) is an open subset of N, N is also non-orientable.
Similarly, if M5 is non-orientable, then so is N. Next, suppose that both M; and
M, are orientable. By reversing the orientations on M; and Ms if needed, we may
assume that the 1-handle is oriented. By Lemma B4 N is orientable. ]

5.4. Orientability of the Ends. Thus far in Section[Bl we have given general
results on 1-handles and end-sum for n-manifolds. We now narrow our focus to the
conditions of Theorem [5.Il From here on, we assume that M is a surface with
compact boundary and n # n’. In particular, Lemma [E9] implies that N has a
unique extraordinary end (.

In this subsection, we study the orientability of the ends of N. Recall that we
define an end of M to be orientable provided that it has an orientable neighborhood,
and the set of orientable ends is open in the space of all ends.

THEOREM 5.13. For every ordinary end o of N, h(a) has the same orientability
as a. The extraordinary end ¢ of N is orientable if and only if both n and ' are
orientable.

PrOOF. From Theorem 5.8 we know that for every ordinary end « of N, h(a)
is isomorphic to « as ends. Hence, h(«) and « have the same orientability.

Suppose first that 7 is non-orientable. Let m be large enough so that n(K,,) #
7' (K.,). Let Ty, be an orientation-reversing loop in 7(K,,). From the construction
of R,, and K,,, we know that K,, splits R,, in two. We may homotope any
segment of T'y, that intersects (but does not cross) R, to one that is disjoint
from R,,. We may replace any segment of I',, that crosses R,, by a path that
follows OR,, until it meets 0K,,, then follows 0K, until it meets OR,, on the
other side, then follows back up dR,,. Note that this path has the same effect on
orientation as the original segment of I',;,. The modified loop created in this way
will still be orientation-reversing, but will also be disjoint from ¢4 (R,,). Thus,
N(Km) — ¢+ (Ry,) is non-orientable. Thus, ((Ly,) is non-orientable. Since this is
true for sufficiently large m, ( is non-orientable.

Now suppose that both n and 7’ are orientable. We can pick m large enough
that n(K,), 7' (K,,) are distinct and orientable. Choose orientations on n(K,,)
and n'(K,,) that are compatible with the 1-handle. These orientations define an
orientation on ((ips(K,)). Thus, ¢ is orientable. O

5.5. Genus-Related Properties. Lastly, we study the genus-related prop-
erties of N. Specifically, we determine the genus of N, the parity of N (if all ends
are orientable), and which ends of N have infinite genus.

5.5.1. Genus and Parity. Recall that we use g(M) to denote the genus of M
and P(M) to denote the parity of M (as an element of Z/2Z).

THEOREM 5.14. Ifn and v/ lie in distinct components of M, then g(N) = g(M).
If n and 7' lie in the same component of M, then g(N) = g(M) + 1. If M is
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orientable outside of a compact set, then N is orientable outside of a compact set
and P(N) =P(M).

PROOF. We may assume that N is connected. If M is orientable outside of a
compact set, then M has no non-orientable ends and Theorem implies that N
also has no non-orientable ends. Thus, the parity P(N) is well-defined and equals
the limit of P(L,,) as m — oo. On the other hand, the genus g(M) is always
well-defined (possibly infinite) and equals the limit of g(L,,) as m — oco. We will
compute the genus of L,, and use that to compute the genus and parity of V.

Note that R,, meets the boundary of K,, in two intervals. Since n # 7' and
OM is compact, these intervals lie in distinct components of 0K, for all sufficiently
large m. If so, then b(L,,) = b(K,,) — 1. For the Euler characteristic, we have
X(Lm) = X(Km) + X(Rm) - X(Km N Rm) = X(Km) -1

If M is connected, then for all sufficiently large m, both components of K,,NR,,

lie in the same connected component of K, and so |mg (Ly,)| = |mo (K, )|. Thus
b(Lm) + x(Lm)
9(Lm) = o (L)] — Xl EXEm)
b(Ky) + x(Km
= |mo (K| — % +1
=g(Km) +1

In this case, g(N) = g(M) + 1 and P(N) = P(M) (if applicable).
If M is disconnected, then one component of K, N R, lies in each connected
component of M and so |7g (Ly,)| = |mo (K.m)| — 1. Thus

g(Lm) = |7T0 (Lm)| — M

2
b(Knm) + x(Km
= o ()| — 1 — PEmI 2 XE)
= g(Km)
In this case, g(N) = g(M) and P(N) = P(M) (if applicable). O

5.5.2. Genus of the Ends. Recall that the genus of an end 7 € £ (M) is the
limit of g(K,) as n — oo for any compact exhaustion K, of M. The genus of an
end is either zero or infinity.

THEOREM 5.15. If « is an ordinary end of N, then a has the same genus as
h(a). Furthermore, ¢ has infinite genus if and only if either n or n' has infinite
genus.

PRrOOF. To simplify the argument, assume without loss of generality that
N(Knm) # 7 (Ky,) for all m. If « is an ordinary end of N, then o and h(a) are
isomorphic as ends. Thus, a has the same genus as h(«).

Next, consider the extraordinary end ¢. To compute g(¢), we introduce some
subsurfaces of N as depicted in Figure (5.3

Here, A, = ¢ (Kpm), Bm = ¢ (L), and A, is the union of B, and a 2-disk
Cm C Rp. As A, and B, are connected, we have |7 (An)| = |mo (Bm)| =
1. Gluing C), onto B,, separates one boundary component of B, into two, so
b(A,,) = b(Bn) + 1.

X(Am):X(Bm)+X(Cm)_X(BmﬁCm):X(Bm)_l
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FIGURE 5.3. Subsurfaces of N: A, (shaded at left) and By,
(shaded at right). Here, Cy,, C Ry, is a 2-disk, A, = B, U Cy,,
and the unshaded dumbbell (at right) is L,,.

It follows that g(A,,) = g(Bmnm).
Note that A,, is an end sum of n (K,,,) and 7/ (K,,). By Theorem[5.14] g (4,,) =

g ( (Km)> +g (77’ (Km)) In the limit as m — oo, g (n (K,,)) converges to g (1),

g (' (Km)) converges to g (n'), and g (By,) converges to g (¢). Thus, g (¢) = g (n)
g (n"). In other words, ¢ has infinite genus if and only if one of 1 or 1’ does.

_|_
|

5.6. Summary. Let M be a PL surface with compact boundary. Let N be
a result of adding a 1-handle at infinity to M along distinct ends 1 and 7’. The
surface M has connected components M;. If a component M; does not contain 7 or
7', then M; is unchanged by the addition of the 1-handle. So, it suffices to consider
only the component of N which contains the 1-handle. From now on, assume N is
connected.

By Lemma [5.9] there is a canonical homeomorphism h : £ (N) 2 & (M) /(n =
n'). For all ordinary ends o of N, o and h(«) are isomorphic as ends, so they have
the same invariants. The single extraordinary end ¢ of N is orientable if and only
if both n and 7’ are orientable; ¢ has zero genus if and only if both  and %’ have
ZEero genus.

If  and 7’ lie in distinct components of M, then N is orientable if and only if
that M is orientable. Otherwise, N is orientable if and only if M is orientable and
the 1-handle is oriented.

If n and #' lie in distinct components of M, then g(N) = g(M). Otherwise,
g(N) = g(M) + 1. In either case, P(N) = P(M).

We conclude: if M is non-orientable, then N is unique up to PL isomorphism; if
M is orientable and the 1-handle is oriented, then /N is unique up to PL isomorphism;
and if M is non-orientable and the 1-handle is not oriented, then NV is unique up
to PL isomorphism. That completes the proof of Theorem [E.1]in PL. The TOP and
DIFF versions of Theorem [5.1] are proved below in Section [

6. Main Theorem by the Uniqueness of Rays

In this section, we prove a ray uniqueness result for surfaces. Namely, that all
rays within a surface with compact boundary that point to a given end are related
by a global isomorphism of the surface. Using that result, we give an alternate and
relatively straightforward proof of our main theorem. The authors thank Ric Ancel
for suggesting this strategy.

6.1. Classification of Surfaces with Noncompact Boundary. Our first
objective is to study and classify all rays r in a given surface with compact boundary
up to global isomorphism. We will do that indirectly by removing the interior of
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FIGURE 6.1. Surface M = Ri with one noncompact boundary
component having a positive end + and a negative end —.

a closed regular neighborhood of r to produce a surface with a single noncompact
boundary component, and then classify the resulting surface. We use Brown and
Messer’s classification of surfaces with possibly noncompact boundary [BMT79]. We
recount the invariants in their classification using our notation.

Let M be a connected surface. As in the case of surfaces with compact bound-
ary, the following “global invariants” are essential: orientability, genus, parity, and
compact boundary components. These invariants are defined exactly as in the com-
pact boundary case, although now the number of compact boundary components
may be infinite.

The rest of the invariants required to classify M deal with the ends of M and
how those ends interact with its boundary components. As in the case of compact
boundary, and end may be zero genus or infinite genus, and it may be orientable
or non-orientable.

In surfaces with infinitely many compact boundary components, boundary com-
ponents may accumulate in certain ends. Define an end of M to be without com-
pact boundary provided that a neighborhood of that end contains no compact
boundary components of M. It can be shown that M has finitely many compact
boundary components provided that every end of M is without compact boundary.
The surfaces we are interested in have finitely many boundary components, and
thus have no ends with compact boundary.

Let dM denote the union of all noncompact boundary components of M. The
inclusion map dM — M induces a map v : £ (dM) — &£ (M). Each connected
component B of dM is a copy of R and has two ends, say a and 5. The map
e:E(dAM) — mo(dM) is defined by sending « and S to B.

We adopt the usual outward normal first convention for orienting the boundary
of an oriented manifold. For example, Figure shows M = Ri equipped with the
standard orientation corresponding to the ordered basis (e1, e2). The positive end
of the noncompact boundary component of M is the end labeled 4. The negative
end of the noncompact boundary component of M is the end labeled —. The same
conventions and terminology apply to ends of noncompact boundary components
of general surfaces in which some disjoint neighborhoods of ends are oriented.

Following Brown and Messer [BMT9, pp. 379-381], we define an orientation
of £(dM) to be a subset P C & (dM) as follows. Given a compact subsurface
C C M, a complementary domain of C is the closure of one of the components
of M — C.

e If M is orientable, then fix an orientation on M. Then, P consists of the
resulting positive ends of dM.
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e If M is non-orientable, then there exists a (nonunique) sequence @1, Qa, . . .
of disjoint orientable complementary domains of compact subsurfaces of
M such that every orientable end of M has some (unique) @; as a neigh-
borhood. Choose an orientation on each ;. Then, P consists of the
resulting positive ends of dM.

It is important to note that there may be many valid orientations of &€ (dM)
for a given surface M. All of that end-related data can be combined to form a
diagram as in (GI)). Here, K denotes the set of non-orientable ends, H denotes
the set of non-planar ends, and S denotes the set of ends with compact boundary.

mo(dM) «+—— E(dAM) —— E(M) +— H «+— K

(6.1) T T

P S

Two diagrams A of M and A’ of M’ are isomorphic if there are bijective maps
from each object in A to the corresponding object in A’ which commute with the
arrows of each diagram. The map from & (M) to £ (M’) must also be a topological
homeomorphism. It is important to note that, as P is not uniquely defined, it is
possible for one surface to have multiple non-isomorphic diagrams. Written in full,
the classification theorem [BMT79l p. 388] is as follows.

THEOREM 6.1 (Classification of Surfaces). Let M and M’ be two connected
surfaces. If M and M' have the same genus, parity, orientability, and number of
compact boundary components, and there exist diagrams A of M and A’ of M’ such
that A = A’, then M and M' are isomorphic.

We will need the following strengthening of Theorem

THEOREM 6.2 (Addendum to the Classification of Surfaces). Suppose further-
more that we are given an isomorphism h : A — A’. Then, there is an isomorphism
Y : M — M’ which induces the given isomorphism h of diagrams. If M and M’
are oriented surfaces, and their orientations agree with the orientations of A and
A’ respectively, then 1 may be chosen to be orientation-preserving.

The Addendum follows by Brown and Messer’s proof of Theorem Their
proof [BM79! p. 388-389] is iterative and begins with the empty function fy. Given
a homeomorphism fj : C, — Cj, (with certain properties) of compact subsurfaces
of M and M’ respectively, they extend fi to a homeomorphism fri; : Cr11 —
Cj41 of larger compact subsurfaces. If M and M’ are oriented, then the first
nonempty function f; may be chosen to respect orientation. In general, their proof
imposes compatibility conditions between the constructed homeomorphisms and
isomorphisms of diagrams (see [BMT9, pp. 383-388], especially Lemma 2.1, the
paragraph on p. 384 before the proof of Lemma 2.1, and the proof of Lemma 2.1).
The present authors found it instructive to run their proof on various examples to
gain familiarity with their orientation and compatibility conventions.

In the remainder of this subsection, we present a useful lemma and some ap-
plications of the Addendum to demonstrate its utility. In the next subsection, we
prove a ray unknotting theorem (Theorem [6.I0) for rays in certain surfaces. Recall
from Section [2] that a precise definition was given for a proper ray r to point to
an end 1 of M. We now expand this definition. Say an end 7 of a (noncompact)
boundary component B of M points to and end n of M if &€ (i) (1) = 7, where
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where i : B — M is the inclusion map. Equivalently, 7 points to 7 if every ray in
B that points to 7 also points to 7.

LEMMA 6.3. Let M be a connected surface and let n be an end of M. If M
has finitely many noncompact boundary components, then the number of ends of
noncompact boundary components of M that point to n is even. In other words,
if |mo(dM)| is finite, then ‘v’l(n)| is even. In particular, if M has exactly one
noncompact boundary component B, then both ends of B point to the same end of
M.

PROOF. Letn, 7, ..., 7 be all the ends of M pointed to by ends of dM. Choose
a large compact subsurface K C M such that M — K is also a subsurface of M,
and n(K) # 7;(K) for any i. Consider n(K). This is a subsurface of M, and the
ends of noncompact boundary components of n(K) pointing to 1 are in one-to-one
correspondence with ends of noncompact boundary components of M pointing to
7. Since every end of a noncompact boundary component of n(K) points to 1 and
there are an even number of ends of noncompact boundary components of n(K),
then an even number of ends of noncompact boundary components of M point to
1. That proves the first conclusion. The second conclusion follows immediately
from the first. O

REMARK 6.4. The first conclusion of Lemma also holds provided 7 is an
isolated end of M and at most finitely many noncompact boundary components of
M point to . The proof is similar. The conclusions of Lemma [6.3] are false without
some restrictions on M or 7. Consider the surface M depicted in Figure that
is obtained from the closed disk by removing a sequence of boundary points and
the single limit point of that sequence. The sequence converges to the limit point

FIGURE 6.2. Surface M obtained from the closed disk by removing
a sequence of boundary points and the single limit point of that
sequence.

from one side. The single nonisolated end of M is denoted 7. That end 1 of M is
pointed to by exactly one end of a noncompact boundary component of M.

COROLLARY 6.5. Let M be a connected surface with exvactly one noncompact
boundary component B. Then, there exists an automorphism ¥ : M — M that
induces the identity on £ (M) and interchanges the two ends of B.

PRrROOF. By the previous Lemma [6.3, both ends of B point to the same end
n of M. First, consider the case where M is orientable. Fix an orientation on M
and consider the corresponding diagram A of M. Let A’ be the diagram for M
with the opposite orientation. We have an isomorphism of diagrams h : A — A’
that swaps the ends of B and is otherwise the identity. The desired conclusion
now follows by the Addendum (Theorem [6.2]). Second, consider the case where
M is not orientable, but 7 is orientable. Then the proof from the first case also

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



THE END SUM OF SURFACES 93

applies. Third, consider the case where 7 is not orientable. Note that A has empty
orientation. We have an isomorphism A : A — A that swaps the ends of B, and
the conclusion follows by the Addendum. O

REMARK 6.6. If M has more than one noncompact boundary component, then
it may not be possible to interchange the ends of a given noncompact boundary
component B of M by an automorphism of M. Consider the strip [0,1] x R and
connect sum a sequence of projective planes or tori off to one end. A planar example
is in Figure [6.2] above (see also Dickmann [Dic23| Ex. 3.5]).

A curious question arises: which oriented surfaces admit an orientation revers-
ing automorphism? The classification of compact, connected, oriented surfaces (see
Theorem (1] in Section H)) implies that each such surface admits an orientation
reversing automorphism. (The question has also been studied for closed manifolds
in higher dimensions by Miillner [Miil10].) For noncompact surfaces, the situation
is more complicated. We give a positive result as well as two surfaces not admitting
an orientation reversing automorphism.

COROLLARY 6.7. Let M be a connected, oriented, moncompact surface with
zero or one noncompact boundary component(s). Then M admits an orientation
reversing automorphism.

PROOF. First, consider the case where M has zero noncompact boundary com-
ponents. Let M’ be M with the opposite orientation. By the Addendum (Theo-
rem [6.2)), there is an orientation-preserving isomorphism from M to M’. That is
an orientation-reversing automorphism of M. Second, consider the case where M
has one noncompact boundary component B. By the previous corollary, there is
an automorphism ¢ : M — M that interchanges the ends of B. Evidently, ¢ is
locally orientation reversing near B, and so v is globally orientation reversing. [

REMARK 6.8. Figure depicts two oriented surfaces that do not admit an
orientation reversing automorphism. The surface M is obtained from the closed

0 00 00

o0 00 n

FIGURE 6.3. Surfaces M and N that do not admit orientation
reversing automorphisms.

disk (with its standard orientation) by removing six boundary points and connect
summing a sequence of tori at each end marked co. So, M has six ends: three of
genus zero and three of infinite genus. The cyclic order of the genera of the ends
of M prevent the existence of an orientation reversing automorphism of M. The
surface N is obtained from the disjoint union of the closed disk and closed upper
half space as follows. Remove three boundary points from the closed disk, connect
sum a sequence of tori at the end marked oo, then glue in a sequence of tubes
between the end marked 7 and the end of the copy of closed upper half space. The
resulting surface has three ends: one of genus zero, one of infinite genus, and 7. The
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first two ends each have two ends of noncompact boundary components pointing
to them, while 7 is pointed to by four ends of noncompact boundary components.
Those properties prevent the existence of an orientation reversing automorphism
of N. It seems interesting to ask whether there is a reasonable classification of
connected, oriented surfaces that admit an orientation reversing automorphism.

6.2. Uniqueness of Rays in a Surface. Although we will use a more tech-
nical result to prove the main theorem, it is worth reporting Theorem [G.10] which
gives a clean result on the uniqueness of rays in a surface. Many of the ideas in
this proof will be used in Section [6.3}

LEMMA 6.9. Let M be a surface with compact boundary, and A be a closed
subset of M isomorphic to R that is disjoint from OM. Let N = M — A. Then,
the inclusion map i : N — M induces a homeomorphism on the space of ends.

PRrROOF. Identify A with R2. Let F; be the closed half-disk of radius j centered
at (0,0). Note that (F;) is a compact exhaustion of A. Let (G;) be a compact
exhaustion of IV by subsurfaces such that F;NJA = G;NOA, and let H; = F; UG;.

To prove that the end map is bijective, it suffices to prove that for j large
enough, each unbounded connected component of M — H; contains exactly one
unbounded connected component of N — G;. Since end spaces are compact and
Hausdorff, any bijective map between end spaces is automatically a homeomor-
phism.

Let U be any unbounded connected component of M — H;. If U is disjoint
from A, then U is already an unbounded connected component of N —G;. Assume
then that U intersects A. Then, U contains A — Fj. Since A — F}j borders N — G,
U contains at least one connected component of N — G;. To prove that there is
exactly one, it suffices to prove that the two components of 9A — F; are connected
via a path in N — G;. Consider the boundary of the closed subset N — G;. This
boundary has only two ends, corresponding to the two ends of 9A— F};. Thus, those
ends lie in the same connected component (which is a copy of R). Thus, 0A — F}
is connected via paths in N — G;. Thus, it is connected via paths in N — G;. O

THEOREM 6.10 (Ray Uniqueness for Surfaces). Let M be a surface with compact
boundary, and let n be an end of M. If r and r' are rays in M pointing to n, then
there is an automorphism v : M — M which sends v to r'.

ProorF. It suffices to consider the case where M is connected. Begin by re-
moving regular neighborhoods A of r and A’ of /. Let N = M — A and let
N' = M — A’. We first exhibit an isomorphism from N to N’ using the classifica-
tion of surfaces. Then, we will find a compatible isomorphism from A to A’. Lastly,
we will combine these to define v : M — M’. It is clear that M, N, and N’ have
the same number of compact boundary components. If M is orientable, then this
orientation defines an orientation on N as well. Suppose that NV is oriented. There
there is an induced orientation on JA C JN. Choose an orientation on A that
induces the same orientation on dA. Gluing these orientations together yields an
orientation on M. Similarly, N’ is orientable if and only if M is.

The genus and parity are both defined in terms of a compact exhaustion by
subsurfaces. As in Lemma [6.9] identify A with Ra_. Let F; be the closed half-disk
of radius j centered at (0,0), let (G;) be a compact exhaustion of N by subsurfaces
such that F; N 0A = G; N 0A, and let H; = F; UG;. So, (H;) is a compact
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exhaustion of M by subsurfaces.

o) = [ (215)| - DX _ sy - MEDEMG) _

As a result, the genus and parity of N equal those of M. Similarly, the genus and
parity of N’ equal those of M.

By Lemma [6.9] the inclusion maps i : N —+ M and ¢’ : N’ — M induce home-
omorphisms on the end spaces. By looking within a neighborhood disjoint from A
and A’, it can be shown that for every end of M other than 7, the corresponding
ends in N and N’ have the same end characteristics.

Given any end T # 7, the corresponding ends in N and N’ are isomorphic.
This can be shown by looking in a neighborhood of 7 disjoint from A and A’.

It was shown in Section [5.4] that removing a strip does not change the ori-
entation of 1. Those arguments apply to this situation as well. It was shown in
Section[5.5.2]that removing a strip does not change the genus of . Those arguments
apply to this situation as well.

Recall from Section [6.1] above that an orientation P of £ (dN) is a certain
subset of £ (dN). The surface N has a single noncompact boundary component
B, and both ends of B point to the same end § of N by Lemma If B is
nonorientable, then P = (. If 3 is orientable, then choose an orientation on an
orientable complementary domain that contains §; this yields P = {7} where 7 is
one of the two ends of B. Similarly, an orientation P’ of £ (dN’) is defined. Note
that 7 is orientable if and only if 3 is orientable, and 7 is orientable if and only if
B’. Thus, P and P’ are either both empty or are both singletons. In either case,
there is a unique bijection P — P’. That bijection extends to an isomorphism
E(dAN) — £ (dN’). Altogether, this data can be used to construct an isomorphism
of diagrams for N and N'.

By the Classification of Surfaces (Theorem [G.1]), there exists an isomorphism
¢ : N — N'. This isomorphism must send 9A to 9A’. To extend ¢ to an automor-
phism of M, it suffices to find a compatible isomorphism from A to A’. But any
isomorphism BRi — 8Ri extends to an isomorphism ]R2+ — ]Ri. The resulting
automorphism of M sends r to r’. ([l

REMARK 6.11. The conclusion of Theorem does not hold in general if M
has noncompact boundary components. Consider the surface M which is a closed
disk with one boundary point removed and a sequence of 1-handles attached as in
Figure (Dickmann [Dic23] called M a sliced Loch Ness monster and studied

FIGURE 6.4. Surface M containing rays r and .
the mapping class groups of M and similar surfaces.) So, M has one end 7 and that

end has infinite genus. Let r be a ray parallel to 9M, and let 7’ be a ray that winds
around the glued in 1-handles as in Figure Suppose there is an automorphism
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1 of M that sends r to r’. Let A and A’ be closed regular neighborhoods of r and
r’, respectively. By the uniqueness of regular neighborhoods, 1 can be modified
so that it also sends A to A’. Thus, N = M — A is isomorphic to N' = M — A’.
However, N has one zero-genus end and one infinite-genus end, while N’ has two
infinite-genus ends as in Figure This is a contradiction, so r and 7’ are not

FIGURE 6.5. Nonisomorphic surfaces N and N’ each obtained
from M by removing the interior of a regular neighborhood of
a ray.

related by an automorphism of M.

6.3. Main Theorem, Re-Proved. Using the classification of all surfaces,
with our addendum, we are ready to dive into the main theorem once again.

LEMMA 6.12. Let M be a surface with compact boundary. Let n and 1’ be
distinct ends of M. For i = 1,2, let A;, A} be disjoint closed subsurfaces of M
isomorphic to Ri and disjoint from OM . Suppose as well that that A; points to n
and A}, points ton'. Let p: Ay — Ag and p' : A} — AL be isomorphisms. If any of
the following conditions hold, then there is an automorphism v of M such that the
restriction of 1 to Ay is p and the restriction of ¥ to A} is y': (1) M is connected
and orientable, and u, p' are both orientation-preserving, (ii) M is connected and
non-orientable, or (iii) n and n’ lie in distinct connected components of M.

PRrROOF. Let N; = M — (A; U A]). We will show that N; and Ny are isomor-
phic, and that this isomorphism is compatible with p and g’

Using the same strategies as Theorem[6.10}, it can be shown that N; and Ny have
the same genus, parity, orientability, and number of compact boundary components
as M.

Using the same strategies as Theorem [6.10 it can be shown that the inclusion
maps i; : N; — M induce homeomorphisms on the space of ends, and that corre-
sponding ends have the same genus, orientability, and number of compact boundary
components.

By restricting 1 and u' to 9A; and OA}, we obtain a map from 0A; U JA] —
0As U DA, Define h: £ (dN;) — £ (dN3) to be the corresponding map of ends.

Suppose first that M is connected and orientable. Fix an orientation on M,
which induces orientations on Ny and Na. Let P; be the orientation of £ (dN)
induced by the orientation on N;. Since g and u' are orientation-preserving, the
map h sends P; to Py. Using h, we can construct an isomorphism of diagrams.
By the Addendum (Theorem [6.2]), there is an orientation-preserving isomorphism
@ : N7 — Ny that induces this isomorphism of diagrams.

Since p and p' are both orientation-preserving, ¢ has the same effect on the
orientations of 9A; and 0A} as p and g/ do. Because of this, ¢ can be isotoped in
a neighborhood of 9A; and dA] to become equal to p and p' on JA; and OA].

Now suppose that M is connected and non-orientable. If ) is orientable, then
add an end of dA4; to Pp, and add the corresponding end of dA5 (under u) to P;.
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Do the same for n'. Now, h sends P; to Pa, so we can again obtain an isomorphism
@ : N1 — Ny that is compatible with h. And, ¢ can be isotoped in a neighborhood
of 0A; and JA] to become equal to p and p' on JA; and 0A].

Now suppose that n and 7’ lie in distinct connected components of M. As
before, construct P; and Po, and obtain an isomorphism ¢ : N; — N, that is
compatible with h. Isotope ¢ in a neighborhood of A; and A} to become equal to
pand p' on 9A; and OA].

Once ¢ agrees with with g and g’ on A; and A}, all three maps can be glued
together to form an isomorphism ¢ : M — M. |

As a corollary, we recover the main theorem.

THEOREM 6.13. Let M be a PL surface with compact boundary, and let n, n’
be distinct ends of M. Let N be a result of adding a 1-handle at infinity to M along
n and . If n and 1’ are ends of distinct connected components of M, then N is
unique up to isomorphism. If n and v’ are ends of the same connected component
My of M, and M, is non-orientable, then N is unique up to isomorphism. Lastly,
suppose that n and ' are ends of the same connected component My of M, and M,
is orientable. If the 1-handle is oriented, then N is unique up to isomorphism. If
the 1-handle is not oriented, then N is unique up to isomorphism.

Proor. Consider two end sums, N; and Ns, along 1 and 7/, satisfying the
above criteria. Let v;, V] be the tubular neighborhood maps used to construct IV;,
and let A;, A} be images of v;, v} respectively. Let ¢ : Ay — As be the canonical
isomorphism between regular neighborhoods, defined by ¢ = v o vy ! Similarly,
define ¢’ : A} — Al,.

Using Lemma [6.12] we extend 1 and 1)’ to a global automorphism x : M —
M. Since x preserves all data used in the 1-handle construction, y extends to an
isomorphism from N to Ns. O

7. Extension of the Main Theorem to TOP and DIFF

Our main theorem—Theorem [B.l—also holds true in the TOP and DIFF cate-
gories. Hence, Corollary does as well. This is an aspect of a general theme that
often statements about surfaces are true independent of category. An important
rationale for this theme, and a key reason why we can generalize in this case, is
that every surface has a unique TOP, PL, and DIFF structure up to isomorphism.
See, for example, Moise [Moi77), Preface & Ch. 8], Thurston [Thu97, §3.10], and
Hatcher [Hat13]. In this section, we show that Theorem [B1] for PL implies the
corresponding TOP and DIFF analogues.

First, suppose we are given TOP data for the addition of a 1-handle at infinity
as in Theorem [B.J1 We reuse the notation from Conventions (5.3 in Section Bl In
particular, N is the TOP surface that results from adding a TOP 1-handle at infinity
to the surface M along ends 1 and n’. The 1-handle is added using disjoint rays
and r’, pointing to the ends  and 7’ respectively, and disjoint tubular neighborhood
maps v and v/. By the triangulation of surfaces, there exists a PL surface My, and
a homeomorphism j : M — My;,. So, jor and jor’ are disjoint TOP rays in My,
and jov and j o v/ are disjoint TOP tubular neighborhood maps. We may adjust
My, by a small ambient homeomorphism with with support in any prescribed open
neighborhood of Im jorUIm jor’ such that the images of the tubular neighborhood
maps jov and jo v are PL. That is, by Moise [Moi77, Thm. 10.13], there is a
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homeomorphism k : My, — My, with support in any prescribed open neighborhood
of Im jorUIm jor' such that the homeomorphism h = koj satisfies: (i) the disjoint
rays hor and hor’ are PL embeddings and (ii) the disjoint tubular neighborhood
maps hov and h o' are PL embeddings. As j and k are homeomorphisms, each
induces a homeomorphism on the spaces of ends; note that k induces the identity
on the space of ends of M,,. Let 7, and 7/, denote the ends of M, corresponding
under j to n and 7’ respectively.

We now have PL data for Theorem [B.1] consisting of the surface My, disjoint
rays h or and h o r’, pointing to the ends n,, and 7}, respectively, and disjoint
tubular neighborhood maps hov and hov'. Let Ny, be the PL surface that results
from adding a PL 1-handle at infinity to My, according to this data. Note that we
have an induced homeomorphism o : N — Np.

Now, suppose we have possibly different TOP data pointing to the same ends
of M. That is, we have disjoint rays s and s’, pointing to the same ends as before
n and 7 respectively, and disjoint tubular neighborhood maps p and p'. Let P be
the TOP surface that results from adding a TOP 1-handle at infinity to M according
to this data. We must show that N and P are homeomorphic. We have the
homeomorphism j : M — My,. As above, there is a homeomorphism [ : My, — My,
with support in any prescribed open neighborhood of Im j o UIm 5oy’ such that
the homeomorphism g = [ o j satisfies: (i) the disjoint rays g o s and g o s’ are
PL embeddings and (ii) the disjoint tubular neighborhood maps g o u and g o p/
are PL embeddings. Let P, be the PL surface that results from adding a pL 1-
handle at infinity to My, according to this data. Note that we have an induced
homeomorphism 3 : P — Py,

Observe that in M, the rays hor and gos both point to 7y, and the rays hor’
and g o 8’ both point to n}, . Therefore, the PL version of Theorem [5] yields a PL
homeomorphism v : Ny, — P,,. Hence, 37! ovyoa: N — P is a homeomorphism
as desired. This completes our proof of the TOP version of Theorem [5.1]

Second, suppose we are given two collections of DIFF data for the addition of a 1-
handle at infinity as in Theorem[5.Il One collection is the surface M, disjoint rays r
and r’, pointing to the ends 1 and 7’ respectively, and disjoint tubular neighborhood
maps v and /. Let N be the DIFF surface that results by adding a DIFF 1-handle at
infinity to M according to this data. The other collection is the surface M, disjoint
rays s and s, pointing to the same ends as before 1 and 1’ respectively, and disjoint
tubular neighborhood maps p and p’. Let P be the DIFF surface that results by
adding a DIFF 1-handle at infinity to M according to this data. We must show that
N and P are diffeomorphic. Ignoring DIFF structures for the moment, the TOP
version of Theorem B.I}proved above—implies that N and P are homeomorphic.
As N and P are homeomorphic DIFF surfaces, they are diffeomorphic as desired.
That completes our proof of the DIFF version of Theorem (.11
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