Open Books

Francisco Gonzilez Acuna.

Let W™ ! bea compact manifold with boundary and and let b: W — W

be a homeomorphism which is the identity on OW.

In W x [0,1] identify (z,1) to (h(x),0) for & € W and identily (z,t) to

(z,0) for z € W, L € [0,1}.

The resulting spacc is a closed n-manifold M™ = M(h) called an open

book with monodromy h. If T: W x [0,1] — M™ is the identification map

_then ¥(OW x {0}) is the binding and T(W % {t}),t € [0,1] is a page. 7
If W is oriented, then W x [0,1] is canonically oriented and M(h) is

oriented in such a way that ¥ has degree 1.

Example 1. If h: $1x [0,1] = S* x [0,1] is defined by h(z,t) = (7% 2,1)

then M(h) ~2 5°. '

Theorem 1 (Winkelnkemper). If M™ is 1-connected andn > 5, then M™

is an open book iff index M™ = 0. (index M™ = 0 by definition if n is not a

" multiple of 4).

Theorem 2 (Tamura(k > 2), 4 Campo (k = 2)). If M***! is (2k — 1)-

. connected and k > 2, then M 1s an open book with S*' as binding.
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Theorem 3 ((Alexander)1923). Any orientable closed M? is an open book.

If M3 can be exhibited as an open book where the page has genus g and
d boundary components we say that M 3 is a book ot type {g¢,d). Our main

result is:

Theorem 4. Let M?® be an orientable closed 3-manifold. Then, for all but
a finite number of pairs (g,d) with g > 0,d > 0, M® is a book of type (g,d)-
(In particular M 3 has a fibered link with a prescribed number of components

and a fibered link of genus 0).

Corollary 1. Let M?® be orientable closed connected and d a positive integer.
Then there exists a codimension 1 foliation of M with precisely d compact

leques.

Plumbing Lemma. Lef W*™! = W2 UWP! where W, Wy and Wy are
manifolds with boundary. Suppose Wo N Wy = D! and that W; 0 OW;
is bicollared in W; if ¢ # j. Let hgt W — W be a homeomorphism such
that hy | W — W; is the identity (i = 0,1). Then M(hg o h1) = M(ho |
Wo)#EM (hy | Wi}




Proof: Fori=0,1and z € OW; Nint W1 identify in M{h; | W;) and in
M(hgohy) the image under the identification map of {z} x [£, #1] to a point.
The quotient space M of M(ho © h1) is homeomorphic to M (hoo h): a

homeomorphism is defined by sending (z,t) in M to

(:E diz, Woﬂ?i”;&:rgg)‘;fgﬁz’;%mg%)a(l t))) in M{hg o hy) where d is a distance

on W, a is a map from [0, 1] to [0, 1] linear on the subintervals [0,1],(3,1] and
a(0) =a(2) =0,a(1) = 1.

Similarly the quotient space M; of M{h; | W) is homeomorphic to M (h; |
W;).

Let N; = ¥(W: x [0,1] — (W N intWi-s) X (5%, %%)) where
¥: W x [0,1] - M is the identiﬁcétion map. (See the schematic Figure
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Fig. 2

Since hohy = hg on Wy — int W) one sees that Ny is homeomorphic to
the complement, in M, of the interior of the n-disk corresponding to (Wen

Wl) X [%, 1].
Also, the complement in M of the interior of the n-disk which corresponds




to (WonNWy) X [0, -%] is homeomorphic to N;. The homeomorphism is defined
by mapping the point of My which corresponds to (z,t), with (z,t) € int(WeN
Wi) x (0,3), to ¥(ho(z),2) if T < 1 and to ¥(z,t) if £ 2 3. u

Now, suppose Mg is a book of type (0,d),d > 1, page Wy and monodroiny
ho. Take M} = 53 with page an annulus W; and monodromy h;. (see
Example 1). Let W = Wy U W), as shown In Figure 3.
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Fig. 3
W has genus 1 and d — 1 boundary components.

Extend h; to a homeomorphism of W onto W in such a way that h; |

W — W, = identity.

Then by the plumbing lemma M (/g o ) &~ MZ#M} ~ ME so that Mg
is a book of type (1,d — 1).




Tterating this construction we get that, for 0 < i < d, M3 is a book of
type (i,d — i). If, instead, we construct W as shown in Figure 4 and apply
the plumbing lemma we obtain that M3 is a book of type (0,d + 1) and,
iterating, that Mg is a book of type (0,d") for any d’' > d.

These observations show that if M? is a book of type (0,d) and g+d' > d

where g > 0,d’ > 0, then M* s also a book of type (g,d").

Thus, to prove the theorem it suffices to show that every closed orientable
3-manifold is a book of type (0,d) for some d. But this can be proved using
Lickorish’s work in "Foliations of 3-manifolds" as follows.

Let 5% = Lél W,, W, ~ D? be the standard open book decomposition of
' 4]

S3: ' ‘Jz
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Let @;: ST — SP(i=1,... ,n) be disjoint embeddings such that ;{z) €
int W, ¥iVz € 5% The link 0 ¢4(S") is called a pure link (sec Birman’s
book). )

Lickorish proves: Every orientable closed M® can be obtained by Milnor-
Wallace surgery on a pure link. That is, ‘

M3 = (S?'uig1 (St x D2))U(D?x §);U...U(D?x 8Y),, with v;(u, v) ~
(u,v) € (8D* x §%)..

Here (; has been extended to a homeomorphim of §? x D? into S° in
such a way that ¢;({z} x D?) C int W.,.

Then, if W) =W, — £Jl w;i({z} X int D)) U (igl([(],z] x 51);), where [0, 2]
is the segment from 0 € D? to z € 8D? = §1, {W]} are the (planar) pages

of a book decomposition of M>.
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Fig. 6

The fact that any orientable closed 3-manifold M 3 has a fibered knot, i.e




is a book of type (g,1) for some g, can also be proved "a la Alexander" as

follows.

By Alexander(details can be found in Montesinos’ "Una nota a un teo-
rema de Alexander") M® ~ M(l,w) where M(l,w) is the covering of $°
branched over a link ! associated to a transitive representation w: my (S° -
[, 00) - S, sending meridians to trénsposit_ions.

[ is pictured as a closed r-braid in Fig. 7 where the meridians my,... , My

are also shown.
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Since in m1(S% — I,00), [mumsz . ..m.] = [a] where a is the axis, which we

think of as a loop based at oo, w(fru])w([ms)) -+ -w([ms]) = w(fa]). Let d




be the number of cycles (including 1-cycles) of w(la]). If d > 1 then there
is a j such that w([m;}} = (ww} where u and v belong to different cycles
of w([a]) since {my],... ,[m,] generate 71(S% — 1) and w is trapsitive. Let
I, = (I —s)U s where s is a small arc in the j — th string of [ and $;
is an arc which goes around the axis a as indicated m Fig. b (a Markov
move). The arcs s,$; a.ré such that s U s; is the boundary of a polyhedral
9_disk whose intersection with [ is s and which does not infersect the (images
of) the meridians my,... ,m,. Then [y is a closed (r + 1)-braid which is
equivalent to ! by a homeomorphism h which is the identity on my,... , M.
Hence, if we define wy as the composition 1 (S® — i1,00) by i (S? —1,00) 2
S,y then M(lj,wy) = M(l,w) ~ M3 wi([md) = w(md) i=1,...,r and
wi (] = w(fmy]) where my,1 Is the meridian shown in Fig. 7b. But now
(la]) = en () - r([maD)os (mess]) = w((al) - (uv) has d — 1 cycles

If we repeat the process and make d — 1 suitable Markov mores we finally
obtain a closed braid I’ and a representation w': m(S®—1', 00) — Sy such that
w'([a]) has only one cycle and M(l,w') =~ M3 Then, if p: M(I',w') — S°
is the branched covering map and {W,} 1s the standard book decomposition
of $% having @ as binding and disks W, transversal to I’ as pages we have
that {p~!(W,)} is a book decomposition of M (I',w') with connected binding
P (a). n
A corollary pointed out by Jonathan Simon is

Theorem 5 (Bing). A closed connected 3-manifold M is S* if every simple

closed curve in M is contained in o polyhedral 3-disk.

Proof: The hypothesis implies that M is 1-connected. Let k be a fibered
knot in M which, by hypothesis is contained in the interior of a disk D>
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Since M is l-connected M — D? is a homotopy 3-disk contained in M — k.
But M — k is irreducible since it fibers over S1. Tt follows that M — D3 is a

3-disk and M =~ S°. n

Question. Can one give a proof "a la Alexander" of the fact that every
orientable closed M?® is a book of type (0,d)?

If so one would have another proof of Lickorish’s theorem (every orientable
closed M3 can be obtained by Milnor-Wallace surgery on a link [ in 53

furthermore [ can be taken to be a pure link).

Conjecture 1. Every nonorientable closed 3-manifold M? is an open book.

If the conjecture is true then, using the plumbing Lemma, M? has a
fibered link with a prescribed number d > 1 of components and a codimension
1 foliation with precisely d compact leaves.

If W is a 2-disk with 7 holes and h: W — W is a homeomorphism which is_
the identity on 8W then w1 (M (h)) has a presentation (1, ... ,Zn ST1,.ee yTn)
where 1; = [sz-a,;g{l] e m(W) = F,,ri = [h{s:) - 577

3; and a; being the paths and lo indicated in IFigure 8




One can see that the r; satisfy

(A) ﬁ T 1= _ﬁl z; In F

=1

Conv;arsely ifA=(z1,... ,%n:T1,. . ,Tn) IS suCh that (A) is satisfied (we
call such an /A an Artin n-presentation) then it follows from [Artin 1925] that
there is a (unique up to isotopy rel 8W) homeomorphism h: W — W of a
disk with 7 holes onto itself such that h | 8W = identity and [i(ss) - 57] =
r; i=1,...,n so that, if we write M(h) = My, m(My) =| A | (the group
presented by A).

This yields the following algebraic characterization of 3-manifold groups.

Theorem 6. G is the fundamental group of a closed orientable M 3 iff it has

an Artin n-presentation for some n.

Another albebraic characterization can be found i Birman [Bull. Aus-
tralian...]. The uniqueness of Heegard splittings of 5%, proved by Wald-
haussen, has allowed the formulation of the P.C. (Poincaré Conjecture) in
purely algebraic terms. (See [Birman), {Traeub], [Jaco]). Using again Wald-
haussen’s Theor(;m and open books with planar pages one can give another

algebraic equivalent of P.C.
Definition 1. Let 8, =| Z1,%1,-+- Ty Yn' ﬁ T; = ﬁlyglcciyi | and let
i=1 1=

N C 8, be the normal clostre of 41,... ,¥n in Sx.

If A is an Artin n-presentation define the automorphism @, : 8, — 8, by

SOA(%;) = Tiiﬂa'?‘{l,@ﬂ(yi) =ry t=1,...,n

Two Artin n-presentations A, A’ are equivalent (A ~ A ) if there exist
automorphisms Fy, Ey of 8, such that Eyops = @ o By and Ei(N) =
N i=1,2
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One can see that A ~ A’ = My s~ My =| A |=| A" | P.C. is then

equivalent to

Conjecture 2. If A is an Artin n-presentation such that | A |= 1 then

A ~ T where:

T= (21, . y®n: T1y--+ ,Tn)-

This conjecture is true for n < 2.

One can also show that P.C. is true in the class of books of type (1,1).

We now give a formula for the ,u invariant of a closed 3-manifold obtained
by Milnor-Wallace surgery on a link. This can be applied to compute the
p invariant of an open book with planar pages since they are the manifolds
obtained by Milnor-Wallace surgery on a pure link.

Suppose you bave an oriented link L= Iy U... U L, in S8® with integer
coefficients, i.e. an integer ; is assigned to the component L; of L.

Let M? be obtained by surgery on L, ie. M® = x(¢1,. .. ,(on) where
;1 S1x D? — S% is an embedding sending S'x0to Ly and St x 1(1 € 8D?)

to a curve having linking number & with L; (i=1,...,n).
Let @ = (I;) be the n X n matrix such that
< | BT LA
Lifi=j

where lk denotes linkiﬁg number.

(Q defines the quadratic form of a 1-connected 4-manifold whose bound-
ary is M?).
Assume M3 is a Zy-homology sphere, i.e. Qg the reduction of ¢ mod 2, is
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* denotes homology sum. Then x{(Ly) =

-

~ +
A < e
.o r‘fﬂ,
T v T §
nonsingular. Let U be the set of integers such thaftyz‘-?‘#j() whefé =
\__.-“‘ - }
, w

I

Q| ¢ where I; = [; mod 2. One can see that Ly = _UU L; is a proper
. e

L |
link (i.e. for every component L; of Ly Ik(L;, Ly — L;) is even) so that the
Arf invariant x(Ly) of Ly is defined (one defines x(8) = 0). [References:
"Dehn's construction . . .! section on slice links in the weak sense, or ‘f““-‘{;

¥
Kaufmanypi’s "An invariant of link cobordism".] (x(Ly) can be computed - &}g
g oA

as follows: Find oriented bands By,... ,Br—1 in 53 r being the number of

components of Ly, such that Ly + dBy+ ...+ 0B.1 is a knot k, where +
) " - ' .~ 0 Y ?
C0Nf deth=—1 mod8 ) 4!

o % if detk ,=_j_~ 3 mod8j - gg
o@- X,y
Finally u(M?) = ——=&7— +l:--'x(LU1)_'_mohere o(@Q) is the signature
of Q. S 1

The proof is hot difficult using Robertello’s paper. %
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